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Abstrad

The Koch snowflake is a well known self-similar set whose boundary is a fractal curve. Suppose a vibrating membrane with fixed boundary, i.e. a drum, is shaped
like a Koch snowflake. The fundamental modes of vibration of this drum can be modelled by the eigenfunctions of the Laplacian on the snowflake. These, in turn,
can be approximated by a discrete problem leading to a matrix eigenvalue problem.

m Mathematica Initializations

1. Introduction

= 1.1 The problem

Readersf this columnare surelyfamiliar with the two dimensionalself-similarsetwith fractal boundarycalledthe Koch
snowflake.Figurel illustratesthe decompositiorof this setinto sevencopiesof itself - six scaledby thefactor1/3 andone
scaledby thefactorl /3.



KochDrumPP.nb 2

Figure 1:The Koch snowflake

Supposea vibratingmembranewith fixed boundaryhasthe shapeof a Koch snowflake Whattypesof vibrationalmodesare
possible?This naturalquestiongoesbackat leastto Berry'swork in 1979[1] andmany papersstudyingthe problemhave
appeareavertheyears.In the mathematicaformulationof the problem,the naturalmodesof vibrationsare describetyy the
eigenfunctionof the Laplacianon the region. Most studiesapproximatethe Koch drum with a discretegrid of pointsand
thentranslatethe problemto a matrix eigenvalueproblem.This is the approachakenhereusingthe grid of pointsrecently
proposedn [2].

= 1.2 The plan of attack

The basicwaveequationis wy; = ¢2 A w, wherew(x, t) is a function of time t and of the spatialvariablex restrictedto lie in
somespecifieddomain.Assumingthatw(x, t) = u(x) g(t) andseparatingzariables we obtainthe equationgy” = -Ac® g and
Au= -2 u. Notethatany solutionof the equationfor u is simply an eigenfunctionof the Laplacianon the domainin ques
tion andany suchu definesa possibleshapeof the vibration calleda fundamentamode.The possiblevaluesof A dictatethe
frequencief thefundamentamodes.

For exampleif we modelthe vibration of a stringby restrictingx to lie in the unit interval, thenthe equationfor u is simply
u” = —A u. We may specifythe endpointsasfixed by insistingthatu(0) = u(1) = 0. The eigenvaluedor this boundaryvalue
problemare = (nx)* andthe correspondingigenfunctionsare u(x) = sin(nx x). The leadsto the familiar sinusoidaltype
modes ofvibrationfor a string.

For us,of course x is atwo-dimensionalariablepermittedto rangethroughoutthe Koch snowflakeandwe will assumehat
w(x, t) = 0 for all x onthe boundaryof the snowflake.Thereis nosimpleanalyticformulafor the solutionandthe problemis
not amenabldo the algorithmsincorporatedn Npsolve. Thus,we will needto developour own numericaltechniqueusing
finite differencesbasedon the approximatinggrid shownin figure 2. (The differentshadeof the verticeswill be explained
shortly.)



KochDrumPP.nb 3

Figure 2:The approximatingrid

Let x beaninterior point ofthis grid - i.e. anelementof the grid andinsidethe snowflake.Let N denotethe setof six nearest
neighborsat thedistancenh from x, possiblyincluding somepointsoutsideof the snowflake. Thenthe Laplacianof a function
u atx canbe approximatedsing asecondorder differencejuotient:

2
Au(x) =~ 3 [[Z u(y)] -6 u(x)].

yeN

Note thatformula 0 statesghatthe Laplacianof u at aninterior grid point canbe approximatedvith a linear combinationof
nearbyvaluesof u. We would like to eliminatereferenceto the exteriorgrid points, calledghostpointsin [2], andwe must
enforcethe boundarycondition.If we view this grid asa graph, thereachghostpoint is adjacent tpreciselyoneinterior grid
point. (In this interpretation however,multiple ghostpoints can occurat the samelocation. For example thereare three
ghost pointsat thelight vertex neathe upperight of figure 2 andeachof theseareadjacent ta differentpoint in theinterior
grid.) Now let x be a ghostpointandlet X' be the interior point adjacentto x. Symmetrypropertiesof the Laplacianimply
that boundangconditionscanbe enforcedy settingu(x) = —u(x").

Now sincethevalueat aghostpointis relatedto the valueat its interior neighbor,it is easyto removereferenceo the ghost
points.To doso, letx beaninterior grid point, letN’ denoteits setof nearesinterior neighborgnot including ghostpoints),
andletn” = #(N’). Then,sinceeachghostpoint contributes—u(x) to the sumin formula 0, the approximationmay be
rewritten

yeN’

2
Au(xX) ~ 3 [[ Z u(y)] -(12-n") u(x)].

This againexpressea u(x) is a linearcombinationof nearbyvaluesof u andusesonly interior grid points. Thusformula 0
may be describedas multiplication of the vector of valuesof u at the interior grid points by the appropriatematrix. The
eigenvalueof this matrix are approximationgo the eigenvaluef the Laplacianand the eigenvectoramay be usedto
approximatethe eigenfunctionsf the Laplacian.
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This particulargrid wasintroducedin [2]. Earlier studies,suchas|[3], useda similar but finer grid which incorporatedhe

verticesof the approximationof the boundary It is thennaturalto enforcethe boundarycondition by simply requiringthat
u(x) = 0 atthesevertices.The authorsof [2] reporthigheraccuracyusinga largerspacing thusthe techniqueheremight be
thoughtof asmoreefficient.

2. Implementation

m 2.1 Setting up the Laplacian approximation

We beginby settingup the boundaryof the snowflake.The level, boundaryLev, of this approximationis relatedto, but
distinct from, the level of the approximationof the grid of interior points.Both aredefinedin termsof anoverall variable,
lev. The boundaryis assembledisingsomefairly standardechniquedor the generatiorof self-similarsetsasdescribedn,
for example[4].

lev = 3;
boundaryLev = lev + 1;
RotationMatrix[t_] := {{Cos[t], Sin[-t]}, {Sin[t], Cos[t]}};
KochStep[{pl_, p2_}] := With[{
ql = pl+ (p2-pl1) /3,
q2 = (pl + (p2-pl) /3) + RotationMatrix[-Pi/3].(p2-pl1) /3,
a3 = pl+2(p2-pl)/3},
{pl, a1, g2, q3, p2}];
KochStep[pp: {{_, _} ..}] := Join[Partition[Flatten[Most /@
(KochStep /@ Partition[pp, 2, 1])], 2], {ppP[[-1]1}1;

KochVertices = Nest[KochStep, N@{{S '\/3/4, 3/ 4}, {-3 '\/3/4, 3/ 4},
{0, -3/2}, {33 /4, 3/4}}, boundaryLev];
ksfPic = Graphics[{Thickness[0.005], Line[KochVertices]},

AspectRatio - Automatic];
Show[ksfPic];
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We usethe self-similarity of the snowflakeitself to generatehe interior grid. This stepis a bit trickier. The snowflakeis
self-similar consistingof sevencopiesof itself. More precisely,therearesevenfunctions fy, f;, E, fs thatmapthe snow
flake ontothe constituentpartsshownin figure 1. Takex, = (0, 0) to be the zerothlevel approximationto theinterior grid.
Any otherpointin the grid mayberealizedas f;, o fi, o---o f; (Xo), for somesequencef the f;s. Theinterior grid is formed
by all pointsgeneratedy sucha sequenceo thatthe contractionratio of f, o f;, o--- o f; is just smallerthana pre-specified
amountnamelyl /3drumtevs2,

drumLev = 2 lev;
RotationMatrix[t_] := {{Cos[t], Sin[-t]},
{Sin[t], Cos[t]}};
£0 = {RotationMatrix[Pi/2] /3, {0, 0}};
A = {{1, 0}, {0, 1}}/3;
ksfIFS = Prepend[Table[{A, {Cos[t], Sin[t]}},
{t,Pi/6, 11Pi/6, Pi/3}], £0];
toFunc[{A_?MatrixQ, b_List}] := A.# +b &;
ksfFuncs = toFunc /@ ksfIFS;
f[v_List, i_] := ksfFuncs[[i+1]][V]
ro=1/V3; r, =1/3;
init = at[{}, 1];
seqgs = init //. at[paths: {Integer },s_]1 =
Table[at [Prepend[paths, i], s*r;], {i, 0, 6}] /;
s >1/3” (drumLev/2);
seqs = First /@ Flatten[segs];
interiorApproxs = FoldList[f, {0., 0.}, #] & /@ seqgs;
interiorGrid = Last /@ interiorApproxs;
pointPic = ListPlot[interiorGrid,
DisplayFunction -» Identity,
PlotJoined -» False];
flakeWithGridPic = Show[ksfPic, pointPic];

Givenapointin this grid, weneedquick accesso its nearesheighborsn thegrid. Wecanstore thisnformationin anearest
neighbor graphrepresentedsan adjacencynatrix, andwe cancheck that we havihe correcgraph usingsraphplot.
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dist[h[p_], h[q_ 1] := Norm[p-q];
adj = SparseArray[Outer[dist[#1, #2] = (1.0/3) " ((drumLev-1) /2) &,
h /@ interiorGrid, h /@ interiorGrid] /.
{True » 1, False - 0}];
Needs["DiscreteMath GraphPlot™"];
interiorGraph = GraphPlot[adj,
VertexCoordinates - interiorGrid];

v \%f v
We cannow setup the matrix which approximateghe Laplacianusingformula 0 and computeseveraleigenvaluesUse of
theshift-0 option of the Arnoldi methodfinds smallereigenvaluedirst, ratherthanlargereigenvaluesThis way, we find

the lower frequenciedirst. The scale is thelinear scaleof size betweenour Koch drumandthe onein [2]; thus,we can
compareresults.

stepSize = (1.0/3) " ((drumLev-1) /2);

scale = ((3/2)/('\/3/3));
laplacianRules = Join[{
{i_, i_} » (Total[2adj[[i]]] - 24) / (3 stepSize”2)},
ArrayRules[adj] /. ({i_, j_} » 1) » ({i, j} » 2/ (3 stepSize™2))];
laplacianMatrix = SparseArray[laplacianRules];
Reverse[Eigenvalues[laplacianMatrix, 10,
Method -» {"Arnoldi", Shift -» O,
Tolerance - 107'%}]] % scale?

{-39.3312, -97.1845, -97.1845 , -164.603 ,
-164.603, -189.195, -207.366 , -269.958 , -269.958 , -308.947 }

Thesenumbersarecloseto thosereportedin [2], althoughthe level could be increasedo obtainmore preciseresults.The
repeated eigenvaluesise dugo symmetriebetweerthe fundamentahodesof vibration.
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m 2.2 Setting up for the graphics

Eachvibrationalmodeof thedrum may be generatedrom an eigenvectomof our Laplacianmatrix, sinceeachcomponenbf
the vectorindicatesthe relative magnitudeof the vibration at a particularpointin theinterior grid. To setup thesegraphics,
we needo accesgheindividual trianglesin our decompositiorof the snowflake Given a vertexin thegrid, it is easyto find
the trianglescontainingthat vertex,sincetheseare determineddy the vertexitself andtwo of its adjacentvertices.We don't
want to do this for everyvertexin the interior grid, however,sinceeachtriangle would be determinedhreetimes. The
smallergrid interiorGrid2 hasthe propertythat eachtriangle containsexactly onevertexfrom interiorGrid2. The
pointsof interiorGrid2 for alower level decompositioareshadedyray in figureO.

interiorGrid2 = Union[#[[-2]] & /@ interiorApproxs];
interiorGrid2Positions = Flatten[Position[interiorGrid, #] & /@ interiorGrid2];
adjLists = #[[1, 1]] & /@ Most[ArrayRules[#]] & /@adj;
triangles[v_] := Module[{pairs},

pairs = Flatten[Table[adjLists[[v]][[{i, j}11,

{i, 1, Length[adjLists[[v]]]}, {j, 1 +1, Length[adjLists[[v]]]}], 1];

Join[{v}, #] & /@ Select[pairs, MemberQ[adjLists[[#[[1]]]1], #[[2]]1] &11;

triangleIndices = Flatten[triangles /@ interiorGrid2Positions, 1];

We canplot the trianglesisa simple check twerify that we'veachievedhe desiregartition.

Show[Graphics [MapIndexed[{GrayLevel[Mod[#2[[1]], 3]/ 3],
Polygon[interiorGrid[[#]]]} & , triangleIndices]],
AspectRatio -» Automatic];

A glanceat figure 0 showsthat thesnowflakedecomposeto a collectionof (mostly) trianglestogetherwith quadrilaterals
near theboundary Accessinghe quadrilateralds abit trickier andwe will wait until we needo constructhefinal 3D image

to do so.
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m 2.3 Generating 3D graphics

We still havea bit of work beforewe cangenerate3D imagesof our Koch drum. Onething we will certainly needis the
magnitudeof the vibration at eachinterior grid point. Thesemagnitudesare given by the eigenvectorof the Laplacian
matrix. We computeseveralof those andgtore oneof them towork with.

evs = Reverse[Eigenvectors[laplacianMatrix, 10,
Method » {"Arnoldi", Shift -» 0}]];
ev = evs[[6]];

We nowturn our attentionto constructinghe portion of the drum overthe quadrilateralon the boundaryof our decomposet
snowflake.We first find the pointsfrom theinterior grid thathavefewer thansix neighborsthesearethe pointsnearesto
the boundary.The verticesof the quadrilateralsare chosenfrom thesepointstogetherwith pointsfrom the boundaryitself,
storedin kochvertices. A further complicationis the occurrenceof two typesof quadrilaterals acuteandobtuse.Note
that eachacutequadrilateraloccursat an acuteinterior angleof the boundary.Furthermorethe sequencef anglesin the
boundary occurg a predictablgattern which we storein anglerPattern.

nearBoundaryPositions = Flatten]|
Position[Total /@ adj, _? (#<6&)]1];
anglePattern = Flatten[Nest[# /. {ac -» {ac, ob, ac, ob},
ob » {ob, ob, ac, ob}} &, {ac, ac, ac}, boundaryLev]];

We canusethis to efficiently assemblehe quadrilateralsThe individual quadrilateralsvill be computedusingthefunctions
acuteQuad3D andobtuseQuad3D.

acuteQuad3D[n_, ev_] := Module[
{interiorIndex, oneFudge},
If[n-==1, oneFudge = -2, oneFudge =n-1];
interiorIndex = Select[nearBoundaryPositions,
Norm[interiorGrid[[#]] - KochVertices[[n]]] < stepSize &][[1]];
Polygon[{Join[KochVertices[[n]], {0}], Join[KochVertices[[n+1]], {0}],
Join[interiorGrid[[interiorIndex]], {ev[[interiorIndex]]}],
Join[KochVertices[[oneFudge]], {0}1}1];
obtuseQuad3D[n_, ev_] := Module|[
{interiorIndex1, interiorIndex2},
interiorIndexl = Select[nearBoundaryPositions,
Norm[interiorGrid[[#]] - KochVertices[[n]]] < stepSize/2 &][[1]];
interiorIndex2 = Select[nearBoundaryPositions,
Norm[interiorGrid[[#]] - KochVertices[[n+1]]] < stepSize/2&][[1]];
Polygon[{Join[KochVertices[[n]], {0}], Join[KochVertices[[n+1]], {0}],
Join[interiorGrid[[interiorIndex2]], {ev[[interiorIndex2]]}],
Join[interiorGrid[[interiorIndexl]], {ev[[interiorIndex1]]}]}11];

We usemapat in conjunctionwith thelist of angle patterng constructhe righttype of quadrilateradt eacHocation.

acuteQuads3D = Cases[MapAt[acuteQuad3D[#, ev] &, Range[Length[anglePattern]],
Position[anglePattern, ac]], _Polygon];

obtuseQuads3D = Cases[MapAt[obtuseQuad3D[#, ev] &, Range[Length[anglePattern]],
Position[Partition[anglePattern, 2, 1], {ob, ob}]], _Polygon];

We now proceedn very muchthe sameway thatwe did whenwe built our testgraphic,but we wantto generate8D poly-
gonsincorporatingthe eigenvectoratherthan 2Dpolygons.
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Polygon|[Flatten /@ {vl, v2, v3}]

triangle3D[{vl_, v2
allTriangles3D

Grid[[#]], ev[[#]]1}]] & /@

interior

triangle3D[Transpose[ {

triangleIndices;
Show[Graphics3D[{allTriangles3D, obtuseQuads3D, acuteQuads3D}],

.
14

PlotRange - All, BoxRatios - {1, 1, 1/4}]
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We canwrite afunctionevpPlot that incorporatesill of theseideasto generatean arrayof thesepictures.Notethatevplot
is not stand-alondf uses muchinformationthatwe havealreadycomputed Also, evPlot UseSEdgeForm[] t0o suppresshe

mesh.
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evPlot3D[ev_, opts___] := Module|[
{acuteQuads3D, obtuseQuads3D,
allTriangles3D, perim},
acuteQuads3D = Cases[MapAt[acuteQuad3D[#, ev] &, Range[Length[anglePattern]],
Position[anglePattern, ac]], _Polygon];
obtuseQuads3D = Cases[MapAt[obtuseQuad3D[#, ev] &, Range[Length[anglePattern]],
Position[Partition[anglePattern, 2, 1], {ob, ob}]], _Polygon];
allTriangles3D =
triangle3D[Transpose[{interiorGrid[[#]], ev[[#]]}]] & /@ triangleIndices;
perim = Line[Join[#, {0}] & /@ KochVertices];
Show [Graphics3D[ {EdgeForm[], allTriangles3D,
obtuseQuads3D, acuteQuads3D, perim}],
opts]];
pics = evPlot3D[#, DisplayFunction -» Identity,
PlotRange - All, BoxRatios - {1, 1,1/4}] & /@ evs[[{1, 6, 7, 10}]1];
Show[GraphicsArray[Partition[pics, 2]]1];
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