
ACTIVE CALCULUS
ACTIVITIES WORKBOOK – CHAPTERS 1-4 – 2018 Edition

Matthew Boelkins
David Austin Steven Schlicker



"DUJWJUJFT 8PSLCPPL
GPS

"DUJWF $BMDVMVT 4JOHMF 7BSJBCMF

.BUUIFX #PFMLJOT
(SBOE 7BMMFZ 4UBUF 6OJWFSTJUZ

$POUSJCVUJOH "VUIPST
%BWJE "VTUJO

(SBOE 7BMMFZ 4UBUF 6OJWFSTJUZ

4UFWFO 4DIMJDLFS
(SBOE 7BMMFZ 4UBUF 6OJWFSTJUZ

1SPEVDUJPO &EJUPS
.JUDIFM 5� ,FMMFS

.PSOJOHTJEF $PMMFHF

"VHVTU �
 ����



$PWFS 1IPUP� +BNFT )BFGOFS 1IPUPHSBQIZ

&EJUJPO� ����

8FCTJUF� IUUQ���BDUJWFDBMDVMVT�PSH

i ����Ɏ���� .BUUIFX #PFMLJOT

1FSNJTTJPO JT HSBOUFE UP DPQZ BOE 	SF
EJTUSJCVUF UIJT NBUFSJBM JO BOZ GPSNBU BOE�PS BEBQU JU 	FWFO DPNNFSDJBMMZ

VOEFS UIF UFSNT PG UIF $SFBUJWF $PNNPOT "UUSJCVUJPO�4IBSF"MJLF ��� *OUFSOBUJPOBM -JDFOTF� 5IF XPSL NBZ
CF VTFE GPS GSFF JO BOZ XBZ CZ BOZ QBSUZ TP MPOH BT BUUSJCVUJPO JT HJWFO UP UIF BVUIPS	T
 BOE JG UIF NBUFSJBM JT
NPEJКFE
 UIF SFTVMUJOH DPOUSJCVUJPOT BSF EJTUSJCVUFE VOEFS UIF TBNF MJDFOTF BT UIJT PSJHJOBM� "MM USBEFNBSLTɶ
BSF UIF SFHJTUFSFEn NBSLT PG UIFJS SFTQFDUJWF PXOFST� 5IF HSBQIJD

UIBU NBZ BQQFBS JO PUIFS MPDBUJPOT JO UIF UFYU TIPXT UIBU UIF XPSL JT MJDFOTFE XJUI UIF $SFBUJWF $PNNPOT BOE
UIBU UIFXPSLNBZ CF VTFE GPS GSFF CZ BOZQBSUZ TP MPOH BT BUUSJCVUJPO JT HJWFO UP UIF BVUIPS	T
 BOE JG UIFNBUFSJBM JT
NPEJКFE
 UIF SFTVMUJOH DPOUSJCVUJPOT BSF EJTUSJCVUFE VOEFS UIF TBNF MJDFOTF BT UIJT PSJHJOBM� 'VMM EFUBJMT NBZ CF
GPVOE CZ WJTJUJOH IUUQT���DSFBUJWFDPNNPOT�PSH�MJDFOTFT�CZ�TB����� PS TFOEJOH B MFUUFS UP $SFBUJWF $PNNPOT

��� $BTUSP 4USFFU
 4VJUF ���
 .PVOUBJO 7JFX
 $BMJGPSOJB
 �����
 64"�

http://activecalculus.org
https://creativecommons.org/licenses/by-sa/4.0/


1SFGBDF
5IJT "DUJWJUJFT 8PSLCPPL GPS "DUJWF $BMDVMVT 4JOHMF 7BSJBCMF DPMMFDUT BMM UIF 1SFWJFX "DUJWJUJFT BOE "DUJWJUJFT JO
B XBZ UIBU FBDI TUBSUT PO B OFX QBHF� 5IF "DUJWJUJFT 8PSLCPPL JT EFTJHOFE UP CF VTFE CZ TUVEFOUT XIP XJTI
UP IBWF B DPNQMFUF TFU PG UIF BDUJWJUJFT UP XPSL UISPVHI BT UIFZ SFBE UIF CPPL JO BO FMFDUSPOJD GPSNBU BOE GPS
JOTUSVDUPST XIP XJTI UP IBWF B POF BDUJWJUZ QFS QBHF GPSNBU UP NBLF QSJOUJOH GPS EJTUSJCVUJPO JO DMBTT FBTJFS�

5IF EFTJHO PG UIJT XPSLCPPL JT TVDI UIBU FBDI 1SFWJFX "DUJWJUZ BOE "DUJWJUZ TUBSUT PO B SJHIU�IBOE QBHF� "T B
SFTVMU
 NPTU MFGU�IBOE QBHFT JO UIJT XPSLCPPL BSF JOUFOUJPOBMMZ MFGU CMBOL BT B QMBDF GPS TUVEFOU XPSL BTTPDJBUFE
XJUI POF PG UIF BEKBDFOU BDUJWJUJFT� 5IF XPSLCPPL JT PЙFSFE GPS QVSDIBTF JO QSJOU GPSN JO UXP WPMVNFT� UIF КSTU
GPS DIBQUFST �Ɏ� BOE UIF TFDPOE GPS DIBQUFST �Ɏ�� 1BHF OVNCFST GPS UIF TFDPOE WPMVNF DPOUJOVF GSPN XIFSF UIF
КSTU WPMVNF MFBWFT PЙ
 BOE UIF UBCMF PG DPOUFOUT JODMVEFT UIF GVMM DPOUFOUT PG CPUI WPMVNFT�
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��� )PX EP XF NFBTVSF WFMPDJUZ 

1SFWJFX "DUJWJUZ ������ 4VQQPTF UIBU UIF IFJHIU s PG B CBMM BU UJNF t 	JO TFDPOET
 JT HJWFO JO GFFU CZ UIF GPSNVMB
s(t) ! 64 − 16(t − 1)2�

B� $POTUSVDU B HSBQI PG y ! s(t) PO UIF UJNF JOUFSWBM 0 ≤ t ≤ 3� -BCFM BU MFBTU TJY EJTUJODU QPJOUT PO UIF HSBQI

JODMVEJOH UIF UISFF QPJOUT TIPXJOH XIFO UIF CBMM XBT SFMFBTFE
 XIFO UIF CBMM SFBDIFT JUT IJHIFTU QPJOU

BOE XIFO UIF CBMM MBOET�

C� %FTDSJCF UIF CFIBWJPS PG UIF CBMM PO UIF UJNF JOUFSWBM 0 < t < 1 BOE PO UJNF JOUFSWBM 1 < t < 3� 8IBU PDDVST
BU UIF JOTUBOU t ! 1 

D� $POTJEFS UIF FYQSFTTJPO

AV[0.5,1] !
s(1) − s(0.5)

1 − 0.5 �

$PNQVUF UIF WBMVF PG AV[0.5,1]� 8IBU EPFT UIJT WBMVF NFBTVSF PO UIF HSBQI 8IBU EPFT UIJT WBMVF UFMM VT
BCPVU UIF NPUJPO PG UIF CBMM *O QBSUJDVMBS
 XIBU BSF UIF VOJUT PO AV[0.5,1] 





��� )PX EP XF NFBTVSF WFMPDJUZ 

"DUJWJUZ ������ 5IF GPMMPXJOH RVFTUJPOT DPODFSO UIF QPTJUJPO GVODUJPO HJWFO CZ s(t) ! 64− 16(t − 1)2
 DPOTJEFSFE
JO 1SFWJFX "DUJWJUZ ������

B� $PNQVUF UIF BWFSBHF WFMPDJUZ PG UIF CBMM PO FBDI PG UIF GPMMPXJOH UJNF JOUFSWBMT� [0.4, 0.8]
 [0.7, 0.8]

[0.79, 0.8]
 [0.799, 0.8]
 [0.8, 1.2]
 [0.8, 0.9]
 [0.8, 0.81]
 [0.8, 0.801]� *ODMVEF VOJUT GPS FBDI WBMVF�

C� 0O UIF HSBQI QSPWJEFE JO 'JHVSF �����
 TLFUDI UIF MJOF UIBU QBTTFT UISPVHI UIF QPJOUT A ! (0.4, s(0.4)) BOE
B ! (0.8, s(0.8))� 8IBU JT UIF NFBOJOH PG UIF TMPQF PG UIJT MJOF *O MJHIU PG UIJT NFBOJOH
 XIBU JT B HFPNFUSJD
XBZ UP JOUFSQSFU FBDI PG UIF WBMVFT DPNQVUFE JO UIF QSFDFEJOH RVFTUJPO 

D� 6TF B HSBQIJOH VUJMJUZ UP QMPU UIF HSBQI PG s(t) ! 64− 16(t − 1)2 PO BO JOUFSWBM DPOUBJOJOH UIF WBMVF t ! 0.8�
5IFO
 [PPN JO SFQFBUFEMZ PO UIF QPJOU (0.8, s(0.8))� 8IBU EP ZPV PCTFSWF BCPVU IPX UIF HSBQI BQQFBST BT
ZPV WJFX JU NPSF BOE NPSF DMPTFMZ 

E� 8IBU EP ZPV DPOKFDUVSF JT UIF WFMPDJUZ PG UIF CBMM BU UIF JOTUBOU t ! 0.8 8IZ 

0.4 0.8 1.2

48

56

64

feet

sec

s

A

B

'JHVSF ������ " QBSUJBM QMPU PG s(t) ! 64 − 16(t − 1)2�

�





��� )PX EP XF NFBTVSF WFMPDJUZ 

"DUJWJUZ ������ &BDI PG UIF GPMMPXJOH RVFTUJPOT DPODFSO s(t) ! 64−16(t−1)2
 UIF QPTJUJPO GVODUJPO GSPN 1SFWJFX
"DUJWJUZ ������

B� $PNQVUF UIF BWFSBHF WFMPDJUZ PG UIF CBMM PO UIF UJNF JOUFSWBM [1.5, 2]� 8IBU JT EJЙFSFOU CFUXFFO UIJT WBMVF
BOE UIF BWFSBHF WFMPDJUZ PO UIF JOUFSWBM [0, 0.5] 

C� 6TF BQQSPQSJBUF DPNQVUJOH UFDIOPMPHZ UP FTUJNBUF UIF JOTUBOUBOFPVT WFMPDJUZ PG UIF CBMM BU t ! 1.5� -JLF�
XJTF
 FTUJNBUF UIF JOTUBOUBOFPVT WFMPDJUZ PG UIF CBMM BU t ! 2� 8IJDI WBMVF JT HSFBUFS 

D� )PX JT UIF TJHO PG UIF JOTUBOUBOFPVT WFMPDJUZ PG UIF CBMM SFMBUFE UP JUT CFIBWJPS BU B HJWFO QPJOU JO UJNF 5IBU
JT
 XIBU EPFT QPTJUJWF JOTUBOUBOFPVT WFMPDJUZ UFMM ZPV UIF CBMM JT EPJOH /FHBUJWF JOTUBOUBOFPVT WFMPDJUZ 

E� 8JUIPVU EPJOH BOZ DPNQVUBUJPOT
 XIBU EP ZPV FYQFDU UP CF UIF JOTUBOUBOFPVT WFMPDJUZ PG UIF CBMM BU t ! 1 
8IZ 

�





��� )PX EP XF NFBTVSF WFMPDJUZ 

"DUJWJUZ ������ 'PS UIF GVODUJPO HJWFO CZ s(t) ! 64−16(t−1)2 GSPN1SFWJFX"DUJWJUZ �����
 КOE UIFNPTU TJNQMJКFE
FYQSFTTJPO ZPV DBO GPS UIF BWFSBHF WFMPDJUZ PG UIF CBMM PO UIF JOUFSWBM [2, 2 + h]� 6TF ZPVS SFTVMU UP DPNQVUF UIF
BWFSBHF WFMPDJUZ PO [1.5, 2] BOE UP FTUJNBUF UIF JOTUBOUBOFPVT WFMPDJUZ BU t ! 2� 'JOBMMZ
 DPNQBSF ZPVS FBSMJFS
XPSL JO "DUJWJUZ ������

�





��� 5IF OPUJPO PG MJNJU

��� 5IF OPUJPO PG MJNJU

1SFWJFX "DUJWJUZ ������ 4VQQPTF UIBU ! JT UIF GVODUJPO HJWFO CZ UIF HSBQI CFMPX� 6TF UIF HSBQI JO 'JHVSF �����
UP BOTXFS FBDI PG UIF GPMMPXJOH RVFTUJPOT�

B� %FUFSNJOF UIF WBMVFT !(−2)
 !(−1)
 !(0)
 !(1)
 BOE !(2)
 JG EFКOFE� *G UIF GVODUJPO WBMVF JT OPU EFКOFE

FYQMBJO XIBU GFBUVSF PG UIF HSBQI UFMMT ZPV UIJT�

C� 'PS FBDI PG UIF WBMVFT a ! −1
 a ! 0
 BOE a ! 2
 DPNQMFUF UIF GPMMPXJOH TFOUFODF� ɔ"T x HFUT DMPTFS BOE
DMPTFS 	CVU OPU FRVBM
 UP a
 !(x) HFUT BT DMPTF BT XF XBOU UP �ɕ

D� 8IBU IBQQFOT BT x HFUT DMPTFS BOE DMPTFS 	CVU OPU FRVBM
 UP a ! 1 %PFT UIF GVODUJPO !(x) HFU BT DMPTF BT
XF XPVME MJLF UP B TJOHMF WBMVF 

-2 -1 1 2 3

-1

1

2

3

g

'JHVSF ������ (SBQI PG y ! !(x) GPS 1SFWJFX "DUJWJUZ ������

�





��� 5IF OPUJPO PG MJNJU

"DUJWJUZ ������ &TUJNBUF UIF WBMVF PG FBDI PG UIF GPMMPXJOH MJNJUT CZ DPOTUSVDUJOH BQQSPQSJBUF UBCMFT PG WBMVFT�
5IFO EFUFSNJOF UIF FYBDU WBMVF PG UIF MJNJU CZ VTJOH BMHFCSB UP TJNQMJGZ UIF GVODUJPO� 'JOBMMZ
 QMPU FBDI GVODUJPO
PO BO BQQSPQSJBUF JOUFSWBM UP DIFDL ZPVS SFTVMU WJTVBMMZ�

B� limx→1
x2−1
x−1 C� limx→0

(2+x)3−8
x D� limx→0

√
x+1−1

x

��





��� 5IF OPUJPO PG MJNJU

"DUJWJUZ ������ $POTJEFS B NPWJOH PCKFDU XIPTF QPTJUJPO GVODUJPO JT HJWFO CZ s(t) ! t2
 XIFSF s JT NFBTVSFE JO
NFUFST BOE t JT NFBTVSFE JO NJOVUFT�

B� %FUFSNJOF UIF NPTU TJNQMJКFE FYQSFTTJPO GPS UIF BWFSBHF WFMPDJUZ PG UIF PCKFDU PO UIF JOUFSWBM [3, 3 + h]

XIFSF h > 0�

C� %FUFSNJOF UIF BWFSBHF WFMPDJUZ PG UIF PCKFDU PO UIF JOUFSWBM [3, 3.2]� *ODMVEF VOJUT PO ZPVS BOTXFS�

D� %FUFSNJOF UIF JOTUBOUBOFPVT WFMPDJUZ PG UIF PCKFDU XIFO t ! 3� *ODMVEF VOJUT PO ZPVS BOTXFS�

��





��� 5IF OPUJPO PG MJNJU

"DUJWJUZ ������ 'PS UIF NPWJOH PCKFDU XIPTF QPTJUJPO s BU UJNF t JT HJWFO CZ UIF HSBQI JO 'JHVSF ������
 BOTXFS
FBDI PG UIF GPMMPXJOH RVFTUJPOT� "TTVNF UIBU s JT NFBTVSFE JO GFFU BOE t JT NFBTVSFE JO TFDPOET�

1 3 5

1

3

5

t

s

'JHVSF ������� 1MPU PG UIF QPTJUJPO GVODUJPO y ! s(t) JO "DUJWJUZ ������

B� 6TF UIF HSBQI UP FTUJNBUF UIF BWFSBHF WFMPDJUZ PG UIF PCKFDU PO FBDI PG UIF GPMMPXJOH JOUFSWBMT� [0.5, 1]

[1.5, 2.5]
 [0, 5]� %SBX FBDI MJOF XIPTF TMPQF SFQSFTFOUT UIF BWFSBHF WFMPDJUZ ZPV TFFL�

C� )PX DPVME ZPV VTF BWFSBHF WFMPDJUJFT PS TMPQFT PG MJOFT UP FTUJNBUF UIF JOTUBOUBOFPVT WFMPDJUZ PG UIF PCKFDU
BU B КYFE UJNF 

D� 6TF UIF HSBQI UP FTUJNBUF UIF JOTUBOUBOFPVT WFMPDJUZ PG UIF PCKFDU XIFO t ! 2� 4IPVME UIJT JOTUBOUBOFPVT
WFMPDJUZ BU t ! 2 CF HSFBUFS PS MFTT UIBO UIF BWFSBHF WFMPDJUZ PO [1.5, 2.5] UIBU ZPV DPNQVUFE JO 	B
 8IZ 

��





��� 5IF EFSJWBUJWF PG B GVODUJPO BU B QPJOU

��� 5IF EFSJWBUJWF PG B GVODUJPO BU B QPJOU

1SFWJFX "DUJWJUZ ������ 4VQQPTF UIBU f JT UIF GVODUJPO HJWFO CZ UIF HSBQI CFMPX BOE UIBU a BOE a + h BSF UIF
JOQVU WBMVFT BT MBCFMFE PO UIF x�BYJT� 6TF UIF HSBQI JO 'JHVSF ����� UP BOTXFS UIF GPMMPXJOH RVFTUJPOT�

x

y

f

a a+h

'JHVSF ������ 1MPU PG y ! f (x) GPS 1SFWJFX "DUJWJUZ ������

B� -PDBUF BOE MBCFM UIF QPJOUT (a , f (a)) BOE (a + h , f (a + h)) PO UIF HSBQI�

C� $POTUSVDU B SJHIU USJBOHMF XIPTF IZQPUFOVTF JT UIF MJOF TFHNFOU GSPN (a , f (a)) UP (a + h , f (a + h))� 8IBU
BSF UIF MFOHUIT PG UIF SFTQFDUJWF MFHT PG UIJT USJBOHMF 

D� 8IBU JT UIF TMPQF PG UIF MJOF UIBU DPOOFDUT UIF QPJOUT (a , f (a)) BOE (a + h , f (a + h)) 
E� 8SJUF BNFBOJOHGVM TFOUFODF UIBU FYQMBJOT IPX UIF BWFSBHF SBUF PG DIBOHF PG UIF GVODUJPO PO B HJWFO JOUFSWBM

BOE UIF TMPQF PG B SFMBUFE MJOF BSF DPOOFDUFE�

��





��� 5IF EFSJWBUJWF PG B GVODUJPO BU B QPJOU

"DUJWJUZ ������ $POTJEFS UIF GVODUJPO f XIPTF GPSNVMB JT f (x) ! 3 − 2x�

B� 8IBU GBNJMJBS UZQF PG GVODUJPO JT f  8IBU DBO ZPV TBZ BCPVU UIF TMPQF PG f BU FWFSZ WBMVF PG x 

C� $PNQVUF UIF BWFSBHF SBUF PG DIBOHF PG f PO UIF JOUFSWBMT [1, 4]
 [3, 7]
 BOE [5, 5+ h]� TJNQMJGZ FBDI SFTVMU BT
NVDI BT QPTTJCMF� 8IBU EP ZPV OPUJDF BCPVU UIFTF RVBOUJUJFT 

D� 6TF UIF MJNJU EFКOJUJPO PG UIF EFSJWBUJWF UP DPNQVUF UIF FYBDU JOTUBOUBOFPVT SBUF PG DIBOHF PG f XJUI SFTQFDU
UP x BU UIF WBMVF a ! 1� 5IBU JT
 DPNQVUF f ′(1) VTJOH UIF MJNJU EFКOJUJPO� 4IPX ZPVS XPSL� *T ZPVS SFTVMU
TVSQSJTJOH 

E� 8JUIPVU EPJOH BOZ BEEJUJPOBM DPNQVUBUJPOT
 XIBU BSF UIF WBMVFT PG f ′(2)
 f ′(π)
 BOE f ′(−
√

2) 8IZ 

��





��� 5IF EFSJWBUJWF PG B GVODUJPO BU B QPJOU

"DUJWJUZ ������ " XBUFS CBMMPPO JT UPTTFE WFSUJDBMMZ JO UIF BJS GSPN B XJOEPX� 5IF CBMMPPOɒT IFJHIU JO GFFU BU UJNF
t JO TFDPOET BGUFS CFJOH MBVODIFE JT HJWFO CZ s(t) ! −16t2 + 16t + 32� 6TF UIJT GVODUJPO UP SFTQPOE UP FBDI PG UIF
GPMMPXJOH RVFTUJPOT�

B� 4LFUDI BO BDDVSBUF
 MBCFMFE HSBQI PG s PO UIF BYFT QSPWJEFE JO 'JHVSF ������� :PV TIPVME CF BCMF UP EP UIJT
XJUIPVU VTJOH DPNQVUJOH UFDIOPMPHZ�

1 2

16

32

t

y

'JHVSF ������� "YFT GPS QMPUUJOH y ! s(t) JO "DUJWJUZ ������

C� $PNQVUF UIF BWFSBHF SBUF PG DIBOHF PG s PO UIF UJNF JOUFSWBM [1, 2]� *ODMVEF VOJUT PO ZPVS BOTXFS BOEXSJUF
POF TFOUFODF UP FYQMBJO UIF NFBOJOH PG UIF WBMVF ZPV GPVOE�

D� 6TF UIF MJNJU EFКOJUJPO UP DPNQVUF UIF JOTUBOUBOFPVT SBUF PG DIBOHF PG s XJUI SFTQFDU UP UJNF
 t
 BU UIF
JOTUBOU a ! 1� 4IPXZPVSXPSL VTJOH QSPQFS OPUBUJPO
 JODMVEF VOJUT PO ZPVS BOTXFS
 BOEXSJUF POF TFOUFODF
UP FYQMBJO UIF NFBOJOH PG UIF WBMVF ZPV GPVOE�

E� 0O ZPVS HSBQI JO 	B

 TLFUDI UXP MJOFT� POF XIPTF TMPQF SFQSFTFOUT UIF BWFSBHF SBUF PG DIBOHF PG s PO [1, 2]

UIF PUIFS XIPTF TMPQF SFQSFTFOUT UIF JOTUBOUBOFPVT SBUF PG DIBOHF PG s BU UIF JOTUBOU a ! 1� -BCFM FBDI MJOF
DMFBSMZ�

F� 'PS XIBU WBMVFT PG a EP ZPV FYQFDU s′(a) UP CF QPTJUJWF 8IZ "OTXFS UIF TBNF RVFTUJPOT XIFO ɔQPTJUJWFɕ
JT SFQMBDFE CZ ɔOFHBUJWFɕ BOE ɔ[FSP�ɕ

��





��� 5IF EFSJWBUJWF PG B GVODUJPO BU B QPJOU

"DUJWJUZ ������ " SBQJEMZ HSPXJOH DJUZ JO"SJ[POB IBT JUT QPQVMBUJPO P BU UJNF t
 XIFSF t JT UIF OVNCFS PG EFDBEFT
BGUFS UIF ZFBS ����
 NPEFMFE CZ UIF GPSNVMB P(t) ! 25000et/5� 6TF UIJT GVODUJPO UP SFTQPOE UP UIF GPMMPXJOH
RVFTUJPOT�

B� 4LFUDI BO BDDVSBUF HSBQI PG P GPS t ! 0 UP t ! 5 PO UIF BYFT QSPWJEFE JO 'JHVSF ������� -BCFM UIF TDBMF PO
UIF BYFT DBSFGVMMZ�

t

y

'JHVSF ������� "YFT GPS QMPUUJOH y ! P(t) JO "DUJWJUZ ������

C� $PNQVUF UIF BWFSBHF SBUF PG DIBOHF PG P CFUXFFO ���� BOE ����� *ODMVEF VOJUT PO ZPVS BOTXFS BOE XSJUF
POF TFOUFODF UP FYQMBJO UIF NFBOJOH 	JO FWFSZEBZ MBOHVBHF
 PG UIF WBMVF ZPV GPVOE�

D� 6TF UIF MJNJU EFКOJUJPO UP XSJUF BO FYQSFTTJPO GPS UIF JOTUBOUBOFPVT SBUF PG DIBOHF PG P XJUI SFTQFDU UP
UJNF
 t
 BU UIF JOTUBOU a ! 2� &YQMBJO XIZ UIJT MJNJU JT EJМDVMU UP FWBMVBUF FYBDUMZ�

E� &TUJNBUF UIF MJNJU JO 	D
 GPS UIF JOTUBOUBOFPVT SBUF PG DIBOHF PG P BU UIF JOTUBOU a ! 2 CZ VTJOH TFWFSBM TNBMM
h WBMVFT� 0ODF ZPV IBWF EFUFSNJOFE BO BDDVSBUF FTUJNBUF PG P′(2)
 JODMVEF VOJUT PO ZPVS BOTXFS
 BOEXSJUF
POF TFOUFODF 	VTJOH FWFSZEBZ MBOHVBHF
 UP FYQMBJO UIF NFBOJOH PG UIF WBMVF ZPV GPVOE�

F� 0O ZPVS HSBQI BCPWF
 TLFUDI UXP MJOFT� POF XIPTF TMPQF SFQSFTFOUT UIF BWFSBHF SBUF PG DIBOHF PG P PO
[2, 4]
 UIF PUIFS XIPTF TMPQF SFQSFTFOUT UIF JOTUBOUBOFPVT SBUF PG DIBOHF PG P BU UIF JOTUBOU a ! 2�

G� *O B DBSFGVMMZ�XPSEFE TFOUFODF
 EFTDSJCF UIF CFIBWJPS PG P′(a) BT a JODSFBTFT JO WBMVF� 8IBU EPFT UIJT SFЛFDU
BCPVU UIF CFIBWJPS PG UIF HJWFO GVODUJPO P 

��





��� 5IF EFSJWBUJWF GVODUJPO

��� 5IF EFSJWBUJWF GVODUJPO

1SFWJFX "DUJWJUZ ������ $POTJEFS UIF GVODUJPO f (x) ! 4x − x2�

B� 6TF UIF MJNJU EFКOJUJPO UP DPNQVUF UIF EFSJWBUJWF WBMVFT� f ′(0)
 f ′(1)
 f ′(2)
 BOE f ′(3)�
C� 0CTFSWF UIBU UIFXPSL UP КOE f ′(a) JT UIF TBNF
 SFHBSEMFTT PG UIF WBMVF PG a� #BTFE PO ZPVSXPSL JO 	B

 XIBU

EP ZPV DPOKFDUVSF JT UIF WBMVF PG f ′(4) )PX BCPVU f ′(5) 	/PUF� ZPV TIPVME OPU VTF UIF MJNJU EFКOJUJPO PG
UIF EFSJWBUJWF UP КOE FJUIFS WBMVF�


D� $POKFDUVSF B GPSNVMB GPS f ′(a) UIBU EFQFOET POMZ PO UIF WBMVF a� 5IBU JT
 JO UIF TBNF XBZ UIBU XF IBWF B
GPSNVMB GPS f (x) 	SFDBMM f (x) ! 4x − x2

 TFF JG ZPV DBO VTF ZPVS XPSL BCPWF UP HVFTT B GPSNVMB GPS f ′(a) JO
UFSNT PG a�

��





��� 5IF EFSJWBUJWF GVODUJPO

"DUJWJUZ ������ 'PS FBDI HJWFO HSBQI PG y ! f (x)
 TLFUDI BO BQQSPYJNBUF HSBQI PG JUT EFSJWBUJWF GVODUJPO
 y !

f ′(x)
 PO UIF BYFT JNNFEJBUFMZ CFMPX� 5IF TDBMF PG UIF HSJE GPS UIF HSBQI PG f JT 1 × 1� BTTVNF UIF IPSJ[POUBM
TDBMF PG UIF HSJE GPS UIF HSBQI PG f ′ JT JEFOUJDBM UP UIBU GPS f � *G OFDFTTBSZ
 BEKVTU BOE MBCFM UIF WFSUJDBM TDBMF PO
UIF BYFT GPS f ′�

8IFO ZPV BSF КOJTIFE XJUI BMM � HSBQIT
 XSJUF TFWFSBM TFOUFODFT UIBU EFTDSJCF ZPVS PWFSBMM QSPDFTT GPS TLFUDIJOH
UIF HSBQI PG UIF EFSJWBUJWF GVODUJPO
 HJWFO UIF HSBQI UIF PSJHJOBM GVODUJPO� 8IBU BSF UIF WBMVFT PG UIF EFSJWBUJWF
GVODUJPO UIBU ZPV UFOE UP JEFOUJGZ КSTU 8IBU EP ZPV EP UIFSFBGUFS )PX EP LFZ USBJUT PG UIF HSBQI PG UIF
EFSJWBUJWF GVODUJPO FYFNQMJGZ QSPQFSUJFT PG UIF HSBQI PG UIF PSJHJOBM GVODUJPO 

f

x

f ′

x

g

x

g′

x

��



$IBQUFS � 6OEFSTUBOEJOH UIF %FSJWBUJWF

p

x

p
′

x

q

x

q
′

x

��



��� 5IF EFSJWBUJWF GVODUJPO

r

x

r
′

x

s

x

s
′

x

��



$IBQUFS � 6OEFSTUBOEJOH UIF %FSJWBUJWF

w

x

w
′

x

z

x

z
′

x

��



��� 5IF EFSJWBUJWF GVODUJPO

"DUJWJUZ ������ 'PS FBDI PG UIF MJTUFE GVODUJPOT
 EFUFSNJOF B GPSNVMB GPS UIF EFSJWBUJWF GVODUJPO� 'PS UIF КSTU
UXP
 EFUFSNJOF UIF GPSNVMB GPS UIF EFSJWBUJWF CZ UIJOLJOH BCPVU UIF OBUVSF PG UIF HJWFO GVODUJPO BOE JUT TMPQF BU
WBSJPVT QPJOUT� EP OPU VTF UIF MJNJU EFКOJUJPO� 'PS UIF MBUUFS GPVS
 VTF UIF MJNJU EFКOJUJPO� 1BZ DBSFGVM BUUFOUJPO
UP UIF GVODUJPO OBNFT BOE JOEFQFOEFOU WBSJBCMFT� *U JT JNQPSUBOU UP CF DPNGPSUBCMF XJUI VTJOH MFUUFST PUIFS UIBO
f BOE x� 'PS FYBNQMF
 HJWFO B GVODUJPO p(z)
 XF DBMM JUT EFSJWBUJWF p′(z)�

B� f (x) ! 1

C� !(t) ! t

D� p(z) ! z2

E� q(s) ! s3

F� F(t) ! 1
t

G� G(y) ! √y

��





��� *OUFSQSFUJOH
 FTUJNBUJOH
 BOE VTJOH UIF EFSJWBUJWF

��� *OUFSQSFUJOH
 FTUJNBUJOH
 BOE VTJOH UIF EFSJWBUJWF

1SFWJFX"DUJWJUZ ������ 0OF PG UIF MPOHFTU TUSFUDIFT PG TUSBJHIU 	BOE ЛBU
 SPBE JO /PSUI "NFSJDB DBO CF GPVOE PO
UIF (SFBU 1MBJOT JO UIF TUBUF PG /PSUI %BLPUB PO TUBUF IJHIXBZ ��
 XIJDI MJFT KVTU TPVUI PG UIF JOUFSTUBUF IJHIXBZ
*��� BOE SVOT UISPVHI UIF UPXO PG (BDLMF� " DBS MFBWFT UPXO 	BU UJNF t ! 0
 BOE IFBET FBTU PO IJHIXBZ ��� JUT
QPTJUJPO JO NJMFT GSPN (BDLMF BU UJNF t JO NJOVUFT JT HJWFO CZ UIF HSBQI PG UIF GVODUJPO JO 'JHVSF ������ 5ISFF
JNQPSUBOU QPJOUT BSF MBCFMFE PO UIF HSBQI� XIFSF UIF DVSWF MPPLT MJOFBS
 BTTVNF UIBU JU JT JOEFFE B TUSBJHIU MJOF�

20 40 60 80 100

20

40

60

80

100

t

s

(57,63.8)

(68,63.8)

(104,106.8)

'JHVSF ������ 5IF HSBQI PG y ! s(t)
 UIF QPTJUJPO PG UIF DBS BMPOH IJHIXBZ ��
 XIJDI UFMMT JUT EJTUBODF JO NJMFT
GSPN (BDLMF
 /%
 BU UJNF t JO NJOVUFT�

B� *O FWFSZEBZ MBOHVBHF
 EFTDSJCF UIF CFIBWJPS PG UIF DBS PWFS UIF QSPWJEFE UJNF JOUFSWBM� *O QBSUJDVMBS

EJTDVTT XIBU JT IBQQFOJOH PO UIF UJNF JOUFSWBMT [57, 68] BOE [68, 104]�

C� 'JOE UIF TMPQF PG UIF MJOF CFUXFFO UIF QPJOUT (57, 63.8) BOE (104, 106.8)� 8IBU BSF UIF VOJUT PO UIJT TMPQF 
8IBU EPFT UIF TMPQF SFQSFTFOU 

D� 'JOE UIF BWFSBHF SBUF PG DIBOHF PG UIF DBSɒT QPTJUJPO PO UIF JOUFSWBM [68, 104]� *ODMVEF VOJUT PO ZPVS BOTXFS�

E� &TUJNBUF UIF JOTUBOUBOFPVT SBUF PG DIBOHF PG UIF DBSɒT QPTJUJPO BU UIF NPNFOU t ! 80� 8SJUF B TFOUFODF UP
FYQMBJO ZPVS SFBTPOJOH BOE UIF NFBOJOH PG UIJT WBMVF�

��





��� *OUFSQSFUJOH
 FTUJNBUJOH
 BOE VTJOH UIF EFSJWBUJWF

"DUJWJUZ ������ " QPUBUP JT QMBDFE JO BO PWFO
 BOE UIF QPUBUPɒT UFNQFSBUVSF F 	JO EFHSFFT 'BISFOIFJU
 BU WBSJPVT
QPJOUT JO UJNF JT UBLFO BOE SFDPSEFE JO UIF GPMMPXJOH UBCMF� 5JNF t JT NFBTVSFE JO NJOVUFT�

t 0 15 30 45 60 75 90
F(t) 70 180.5 251 296 324.5 342.8 354.5

5BCMF ������ 5FNQFSBUVSF EBUB JO EFHSFFT 'BISFOIFJU�

B� 6TF B DFOUSBM EJЙFSFODF UP FTUJNBUF UIF JOTUBOUBOFPVT SBUF PG DIBOHF PG UIF UFNQFSBUVSF PG UIF QPUBUP BU
t ! 30� *ODMVEF VOJUT PO ZPVS BOTXFS�

C� 6TF B DFOUSBM EJЙFSFODF UP FTUJNBUF UIF JOTUBOUBOFPVT SBUF PG DIBOHF PG UIF UFNQFSBUVSF PG UIF QPUBUP BU
t ! 60� *ODMVEF VOJUT PO ZPVS BOTXFS�

D� 8JUIPVU EPJOH BOZ DBMDVMBUJPO
 XIJDI EP ZPV FYQFDU UP CF HSFBUFS� F′(75) PS F′(90) 8IZ 

E� 4VQQPTF JU JT HJWFO UIBU F(64) ! 330.28 BOE F′(64) ! 1.341� 8IBU BSF UIF VOJUT PO UIFTF UXP RVBOUJUJFT 
8IBU EP ZPV FYQFDU UIF UFNQFSBUVSF PG UIF QPUBUP UP CF XIFO t ! 65 XIFO t ! 66 8IZ 

F� 8SJUF B DPVQMF PG DBSFGVM TFOUFODFT UIBU EFTDSJCF UIF CFIBWJPS PG UIF UFNQFSBUVSF PG UIF QPUBUP PO UIF UJNF
JOUFSWBM [0, 90]
 BT XFMM BT UIF CFIBWJPS PG UIF JOTUBOUBOFPVT SBUF PG DIBOHF PG UIF UFNQFSBUVSF PG UIF QPUBUP
PO UIF TBNF UJNF JOUFSWBM�

��





��� *OUFSQSFUJOH
 FTUJNBUJOH
 BOE VTJOH UIF EFSJWBUJWF

"DUJWJUZ ������ " DPNQBOZ NBOVGBDUVSFT SPQF
 BOE UIF UPUBM DPTU PG QSPEVDJOH r GFFU PG SPQF JT C(r) EPMMBST�
B� 8IBU EPFT JU NFBO UP TBZ UIBU C(2000) ! 800 

C� 8IBU BSF UIF VOJUT PG C′(r) 
D� 4VQQPTF UIBU C(2000) ! 800 BOE C′(2000) ! 0.35� &TUJNBUF C(2100)
 BOE KVTUJGZ ZPVS FTUJNBUF CZ XSJUJOH BU

MFBTU POF TFOUFODF UIBU FYQMBJOT ZPVS UIJOLJOH�

E� %P ZPV UIJOL C′(2000) JT MFTT UIBO
 FRVBM UP
 PS HSFBUFS UIBO C′(3000) 8IZ 

F� 4VQQPTF TPNFPOF DMBJNT UIBU C′(5000) ! −0.1� 8IBU XPVME UIF QSBDUJDBM NFBOJOH PG UIJT EFSJWBUJWF WBMVF
UFMM ZPV BCPVU UIF BQQSPYJNBUF DPTU PG UIF OFYU GPPU PG SPQF *T UIJT QPTTJCMF 8IZ PS XIZ OPU 

��





��� *OUFSQSFUJOH
 FTUJNBUJOH
 BOE VTJOH UIF EFSJWBUJWF

"DUJWJUZ ������ 3FTFBSDIFST BU B NBKPS DBS DPNQBOZ IBWF GPVOE B GVODUJPO UIBU SFMBUFT HBTPMJOF DPOTVNQUJPO UP
TQFFE GPS B QBSUJDVMBS NPEFM PG DBS� *O QBSUJDVMBS
 UIFZ IBWF EFUFSNJOFE UIBU UIF DPOTVNQUJPO C
 JO MJUFST QFS
LJMPNFUFS
 BU B HJWFO TQFFE s
 JT HJWFO CZ B GVODUJPO C ! f (s)
 XIFSF s JT UIF DBSɒT TQFFE JO LJMPNFUFST QFS IPVS�

B� %BUB QSPWJEFE CZ UIF DBS DPNQBOZ UFMMT VT UIBU f (80) ! 0.015
 f (90) ! 0.02
 BOE f (100) ! 0.027� 6TF
UIJT JOGPSNBUJPO UP FTUJNBUF UIF JOTUBOUBOFPVT SBUF PG DIBOHF PG GVFM DPOTVNQUJPO XJUI SFTQFDU UP TQFFE BU
s ! 90� #F BT BDDVSBUF BT QPTTJCMF
 VTF QSPQFS OPUBUJPO
 BOE JODMVEF VOJUT PO ZPVS BOTXFS�

C� #Z XSJUJOH B DPNQMFUF TFOUFODF
 JOUFSQSFU UIF NFBOJOH 	JO UIF DPOUFYU PG GVFM DPOTVNQUJPO
 PG ɔ f (80) !

0.015�ɕ

D� 8SJUF BU MFBTU POF DPNQMFUF TFOUFODF UIBU JOUFSQSFUT UIF NFBOJOH PG UIF WBMVF PG f ′(90) UIBU ZPV FTUJNBUFE
JO 	B
�

��





��� 5IF TFDPOE EFSJWBUJWF

��� 5IF TFDPOE EFSJWBUJWF

1SFWJFX "DUJWJUZ ������ 5IF QPTJUJPO PG B DBS ESJWJOH BMPOH B TUSBJHIU SPBE BU UJNF t JO NJOVUFT JT HJWFO CZ UIF
GVODUJPO y ! s(t) UIBU JT QJDUVSFE JO 'JHVSF ������ 5IF DBSɒT QPTJUJPO GVODUJPO IBT VOJUT NFBTVSFE JO UIPVTBOET PG
GFFU� 'PS JOTUBODF
 UIF QPJOU (2, 4) PO UIF HSBQI JOEJDBUFT UIBU BGUFS � NJOVUFT
 UIF DBS IBT USBWFMFE ���� GFFU�

2 6 10

2

6

10

14

t

y s

'JHVSF ������ 5IF HSBQI PG y ! s(t)
 UIF QPTJUJPO PG UIF DBS 	NFBTVSFE JO UIPVTBOET PG GFFU GSPN JUT TUBSUJOH
MPDBUJPO
 BU UJNF t JO NJOVUFT�

B� *O FWFSZEBZ MBOHVBHF
 EFTDSJCF UIF CFIBWJPS PG UIF DBS PWFS UIF QSPWJEFE UJNF JOUFSWBM� *O QBSUJDVMBS
 ZPV
TIPVME DBSFGVMMZ EJTDVTT XIBU JT IBQQFOJOH PO FBDI PG UIF UJNF JOUFSWBMT [0, 1]
 [1, 2]
 [2, 3]
 [3, 4]
 BOE [4, 5]

QMVT QSPWJEF DPNNFOUBSZ PWFSBMM PO XIBU UIF DBS JT EPJOH PO UIF JOUFSWBM [0, 12]�

C� 0O UIF MFGUIBOE BYFT QSPWJEFE JO 'JHVSF �����
 TLFUDI B DBSFGVM
 BDDVSBUF HSBQI PG y ! s′(t)�
D� 8IBU JT UIF NFBOJOH PG UIF GVODUJPO y ! s′(t) JO UIF DPOUFYU PG UIF HJWFO QSPCMFN 8IBU DBO XF TBZ BCPVU

UIF DBSɒT CFIBWJPS XIFO s′(t) JT QPTJUJWF XIFO s′(t) JT [FSP XIFO s′(t) JT OFHBUJWF 

E� 3FOBNF UIF GVODUJPO ZPV HSBQIFE JO 	C
 UP CF DBMMFE y ! v(t)� %FTDSJCF UIF CFIBWJPS PG v JO XPSET
 VTJOH
QISBTFT MJLF ɔv JT JODSFBTJOH PO UIF JOUFSWBM . . .ɕ BOE ɔv JT DPOTUBOU PO UIF JOUFSWBM . . .�ɕ

F� 4LFUDI B HSBQI PG UIF GVODUJPO y ! v′(t) PO UIF SJHIUIBOE BYFT QSPWJEF JO 'JHVSF ������ 8SJUF BU MFBTU POF
TFOUFODF UP FYQMBJO IPX UIF CFIBWJPS PG v′(t) JT DPOOFDUFE UP UIF HSBQI PG y ! v(t)�

��



$IBQUFS � 6OEFSTUBOEJOH UIF %FSJWBUJWF

2 6 10

t

y

2 6 10

t

y

'JHVSF ������ "YFT GPS QMPUUJOH y ! v(t) ! s′(t) BOE y ! v′(t)�

��



��� 5IF TFDPOE EFSJWBUJWF

"DUJWJUZ ������ 5IF QPTJUJPO PG B DBS ESJWJOH BMPOH B TUSBJHIU SPBE BU UJNF t JO NJOVUFT JT HJWFO CZ UIF GVODUJPO
y ! s(t) UIBU JT QJDUVSFE JO 'JHVSF ������� 5IF DBSɒT QPTJUJPO GVODUJPO IBT VOJUT NFBTVSFE JO UIPVTBOET PG GFFU�
3FNFNCFS UIBU ZPV XPSLFE XJUI UIJT GVODUJPO BOE TLFUDIFE HSBQIT PG y ! v(t) ! s′(t) BOE y ! v′(t) JO 1SFWJFX
"DUJWJUZ ������

2 6 10

2

6

10

14

t

y s

'JHVSF ������� 5IF HSBQI PG y ! s(t)
 UIF QPTJUJPO PG UIF DBS 	NFBTVSFE JO UIPVTBOET PG GFFU GSPN JUT TUBSUJOH
MPDBUJPO
 BU UJNF t JO NJOVUFT�

B� 0O XIBU JOUFSWBMT JT UIF QPTJUJPO GVODUJPO y ! s(t) JODSFBTJOH EFDSFBTJOH 8IZ 

C� 0O XIJDI JOUFSWBMT JT UIF WFMPDJUZ GVODUJPO y ! v(t) ! s′(t) JODSFBTJOH EFDSFBTJOH OFJUIFS 8IZ 

D� "DDFMFSBUJPO JT EFКOFE UP CF UIF JOTUBOUBOFPVT SBUF PG DIBOHF PG WFMPDJUZ
 BT UIF BDDFMFSBUJPO PG BO PCKFDU
NFBTVSFT UIF SBUF BU XIJDI UIF WFMPDJUZ PG UIF PCKFDU JT DIBOHJOH� 4BZ UIBU UIF DBSɒT BDDFMFSBUJPO GVODUJPO JT
OBNFE a(t)� )PX JT a(t) DPNQVUFE GSPN v(t) )PX JT a(t) DPNQVUFE GSPN s(t) &YQMBJO�

E� 8IBU DBO ZPV TBZ BCPVU s′′ XIFOFWFS s′ JT JODSFBTJOH 8IZ 

F� 6TJOH POMZ UIF XPSET JODSFBTJOH
 EFDSFBTJOH
 DPOTUBOU
 DPODBWF VQ
 DPODBWF EPXO
 BOE MJOFBS
 DPNQMFUF UIF
GPMMPXJOH TFOUFODFT� 'PS UIF QPTJUJPO GVODUJPO s XJUI WFMPDJUZ v BOE BDDFMFSBUJPO a


ə PO BO JOUFSWBM XIFSF v JT QPTJUJWF
 s JT �

ə PO BO JOUFSWBM XIFSF v JT OFHBUJWF
 s JT �

ə PO BO JOUFSWBM XIFSF v JT [FSP
 s JT �

ə PO BO JOUFSWBM XIFSF a JT QPTJUJWF
 v JT �

ə PO BO JOUFSWBM XIFSF a JT OFHBUJWF
 v JT �

ə PO BO JOUFSWBM XIFSF a JT [FSP
 v JT �

ə PO BO JOUFSWBM XIFSF a JT QPTJUJWF
 s JT �

ə PO BO JOUFSWBM XIFSF a JT OFHBUJWF
 s JT �

ə PO BO JOUFSWBM XIFSF a JT [FSP
 s JT �

��





��� 5IF TFDPOE EFSJWBUJWF

"DUJWJUZ ������ " QPUBUP JT QMBDFE JO BO PWFO
 BOE UIF QPUBUPɒT UFNQFSBUVSF F 	JO EFHSFFT 'BISFOIFJU
 BU WBSJPVT
QPJOUT JO UJNF JT UBLFO BOE SFDPSEFE JO UIF GPMMPXJOH UBCMF� 5JNF t JT NFBTVSFE JO NJOVUFT� *O "DUJWJUZ �����
 XF
DPNQVUFE BQQSPYJNBUJPOT UP F′(30) BOE F′(60) VTJOH DFOUSBM EJЙFSFODFT� 5IPTF WBMVFT BOE NPSF BSF QSPWJEFE
JO UIF TFDPOE UBCMF CFMPX
 BMPOH XJUI TFWFSBM PUIFST DPNQVUFE JO UIF TBNF XBZ�

t F(t)
0 70
15 180.5
30 251
45 296
60 324.5
75 342.8
90 354.5

t F′(t)
0 /"
15 6.03
30 3.85
45 2.45
60 1.56
75 1.00
90 /"

5BCMF ������� 4FMFDU WBMVFT PG F(t)� 5BCMF ������� 4FMFDU WBMVFT PG F′(t)�

B� 8IBU BSF UIF VOJUT PO UIF WBMVFT PG F′(t) 
C� 6TF B DFOUSBM EJЙFSFODF UP FTUJNBUF UIF WBMVF PG F′′(30)�
D� 8IBU JT UIF NFBOJOH PG UIF WBMVF PG F′′(30) UIBU ZPV IBWF DPNQVUFE JO 	C
 JO UFSNT PG UIF QPUBUPɒT UFNQFS�

BUVSF 8SJUF TFWFSBM DBSFGVM TFOUFODFT UIBU EJTDVTT
 XJUI BQQSPQSJBUF VOJUT
 UIF WBMVFT PG F(30)
 F′(30)
 BOE
F′′(30)
 BOE FYQMBJO UIF PWFSBMM CFIBWJPS PG UIF QPUBUPɒT UFNQFSBUVSF BU UIJT QPJOU JO UJNF�

E� 0WFSBMM
 JT UIF QPUBUPɒT UFNQFSBUVSF JODSFBTJOH BU BO JODSFBTJOH SBUF
 JODSFBTJOH BU B DPOTUBOU SBUF
 PS JO�
DSFBTJOH BU B EFDSFBTJOH SBUF 8IZ 

��





��� 5IF TFDPOE EFSJWBUJWF

"DUJWJUZ ������ 5IJT BDUJWJUZ CVJMET PO PVS FYQFSJFODF BOE VOEFSTUBOEJOH PG IPX UP TLFUDI UIF HSBQI PG f ′ HJWFO
UIF HSBQI PG f �

*O 'JHVSF ������
 HJWFO UIF SFTQFDUJWF HSBQIT PG UXP EJЙFSFOU GVODUJPOT f 
 TLFUDI UIF DPSSFTQPOEJOH HSBQI PG f ′
PO UIF КSTU BYFT CFMPX
 BOE UIFO TLFUDI f ′′ PO UIF TFDPOE TFU PG BYFT� *O BEEJUJPO
 GPS FBDI
 XSJUF TFWFSBM DBSFGVM
TFOUFODFT JO UIF TQJSJU PG UIPTF JO "DUJWJUZ ����� UIBU DPOOFDU UIF CFIBWJPST PG f 
 f ′
 BOE f ′′� 'PS JOTUBODF
 XSJUF
TPNFUIJOH TVDI BT

f ′ JT PO UIF JOUFSWBM 
 XIJDI JT DPOOFDUFE UP UIF GBDU UIBU f JT PO UIF TBNF
JOUFSWBM 
 BOE f ′′ JT PO UIF JOUFSWBM�

CVU PG DPVSTF XJUI UIF CMBOLT КMMFE JO� 5ISPVHIPVU
 WJFX UIF TDBMF PG UIF HSJE GPS UIF HSBQI PG f BT CFJOH 1 × 1

BOE BTTVNF UIF IPSJ[POUBM TDBMF PG UIF HSJE GPS UIF HSBQI PG f ′ JT JEFOUJDBM UP UIBU GPS f � *G ZPV OFFE UP BEKVTU UIF
WFSUJDBM TDBMF PO UIF BYFT GPS UIF HSBQI PG f ′ PS f ′′
 ZPV TIPVME MBCFM UIBU BDDPSEJOHMZ�

��



$IBQUFS � 6OEFSTUBOEJOH UIF %FSJWBUJWF

f

x

f ′

x

f ′′

x

f

x

f ′

x

f ′′

x

'JHVSF ������� 5XP HJWFO GVODUJPOT f 
 XJUI BYFT QSPWJEFE GPS QMPUUJOH f ′ BOE f ′′ CFMPX�

��



��� -JNJUT
 $POUJOVJUZ
 BOE %JЙFSFOUJBCJMJUZ

��� -JNJUT
 $POUJOVJUZ
 BOE %JЙFSFOUJBCJMJUZ

1SFWJFX "DUJWJUZ ������ " GVODUJPO f EFКOFE PO −4 < x < 4 JT HJWFO CZ UIF HSBQI JO 'JHVSF ������ 6TF UIF
HSBQI UP BOTXFS FBDI PG UIF GPMMPXJOH RVFTUJPOT� /PUF� UP UIF SJHIU PG x ! 2
 UIF HSBQI PG f JT FYIJCJUJOH JOКOJUF
PTDJMMBUPSZ CFIBWJPS TJNJMBS UP UIF GVODUJPO sin(πx ) UIBU XF FODPVOUFSFE JO UIF LFZ FYBNQMF FBSMZ JO 4FDUJPO ����

B� 'PS FBDI PG UIF WBMVFT a ! −3,−2,−1, 0, 1, 2, 3
 EFUFSNJOF XIFUIFS PS OPU limx→a f (x) FYJTUT� *G UIF GVODUJPO
IBT B MJNJU L BU B HJWFO QPJOU
 TUBUF UIF WBMVF PG UIF MJNJU VTJOH UIF OPUBUJPO limx→a f (x) ! L� *G UIF GVODUJPO
EPFT OPU IBWF B MJNJU BU B HJWFO QPJOU
 XSJUF B TFOUFODF UP FYQMBJO XIZ�

C� 'PS FBDI PG UIF WBMVFT PG a GSPN QBSU 	B
 XIFSF f IBT B MJNJU
 EFUFSNJOF UIF WBMVF PG f (a) BU FBDI TVDI QPJOU�
*O BEEJUJPO
 GPS FBDI TVDI a WBMVF
 EPFT f (a) IBWF UIF TBNF WBMVF BT limx→a f (x) 

D� 'PS FBDI PG UIF WBMVFT a ! −3,−2,−1, 0, 1, 2, 3
 EFUFSNJOF XIFUIFS PS OPU f ′(a) FYJTUT� *O QBSUJDVMBS
 CBTFE
PO UIF HJWFO HSBQI
 BTL ZPVSTFMG JG JU JT SFBTPOBCMF UP TBZ UIBU f IBT B UBOHFOU MJOF BU (a , f (a)) GPS FBDI PG
UIF HJWFO a�WBMVFT� *G TP
 WJTVBMMZ FTUJNBUF UIF TMPQF PG UIF UBOHFOU MJOF UP КOE UIF WBMVF PG f ′(a)�

-3 -2 -1 1 2 3

-3

-2

-1

1

2

3

f

'JHVSF ������ 5IF HSBQI PG y ! f (x)�

��





��� -JNJUT
 $POUJOVJUZ
 BOE %JЙFSFOUJBCJMJUZ

"DUJWJUZ ������ $POTJEFS B GVODUJPO UIBU JT QJFDFXJTF�EFКOFE BDDPSEJOH UP UIF GPSNVMB

f (x) !

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

3(x + 2) + 2 GPS −3 < x < −2
2
3 (x + 2) + 1 GPS −2 ≤ x < −1
2
3 (x + 2) + 1 GPS −1 < x < 1
2 GPS x ! 1
4 − x GPS x > 1

6TF UIF HJWFO GPSNVMB UP BOTXFS UIF GPMMPXJOH RVFTUJPOT�

-2 -1 1 2

-1

1

2

3

'JHVSF ������ "YFT GPS QMPUUJOH UIF GVODUJPO y ! f (x) JO "DUJWJUZ ������

B� 'PS FBDI PG UIF WBMVFT a ! −2,−1, 0, 1, 2
 DPNQVUF f (a)�
C� 'PS FBDI PG UIF WBMVFT a ! −2,−1, 0, 1, 2
 EFUFSNJOF limx→a− f (x) BOE limx→a+ f (x)�
D� 'PS FBDI PG UIF WBMVFT a ! −2,−1, 0, 1, 2
 EFUFSNJOF limx→a f (x)� *G UIF MJNJU GBJMT UP FYJTU
 FYQMBJO XIZ CZ

EJTDVTTJOH UIF MFGU� BOE SJHIU�IBOE MJNJUT BU UIF SFMFWBOU a�WBMVF�

E� 'PS XIJDI WBMVFT PG a JT UIF GPMMPXJOH TUBUFNFOU USVF 

lim
x→a

f (x) ! f (a)

F� 0O UIF BYFT QSPWJEFE JO 'JHVSF �����
 TLFUDI BO BDDVSBUF
 MBCFMFE HSBQI PG y ! f (x)� #F TVSF UP DBSFGVMMZ
VTF PQFO DJSDMFT 	◦
 BOE КMMFE DJSDMFT 	•
 UP SFQSFTFOU LFZ QPJOUT PO UIF HSBQI
 BT EJDUBUFE CZ UIF QJFDFXJTF
GPSNVMB�

��





��� -JNJUT
 $POUJOVJUZ
 BOE %JЙFSFOUJBCJMJUZ

"DUJWJUZ ������ 5IJT BDUJWJUZ CVJMET PO ZPVS XPSL JO 1SFWJFX "DUJWJUZ �����
 VTJOH UIF TBNF GVODUJPO f BT HJWFO
CZ UIF HSBQI UIBU JT SFQFBUFE JO 'JHVSF ������

-3 -2 -1 1 2 3

-3

-2

-1

1

2

3

f

'JHVSF ������ 5IF HSBQI PG y ! f (x) GPS "DUJWJUZ ������

B� "U XIJDI WBMVFT PG a EPFT limx→a f (x) OPU FYJTU 
C� "U XIJDI WBMVFT PG a JT f (a) OPU EFКOFE 
D� "U XIJDI WBMVFT PG a EPFT f IBWF B MJNJU
 CVU limx→a f (x) ! f (a) 
E� 4UBUF BMM WBMVFT PG a GPS XIJDI f JT OPU DPOUJOVPVT BU x ! a�

F� 8IJDI DPOEJUJPO JT TUSPOHFS
 BOE IFODF JNQMJFT UIF PUIFS� f IBT B MJNJU BU x ! a PS f JT DPOUJOVPVT BU x ! a 
&YQMBJO
 BOE IFODF DPNQMFUF UIF GPMMPXJOH TFOUFODF� ɔ*G f BU x ! a
 UIFO f BU x ! a
ɕ
XIFSF ZPV DPNQMFUF UIF CMBOLT XJUI IBT B MJNJU BOE JT DPOUJOVPVT
 VTJOH FBDI QISBTF PODF�

��





��� -JNJUT
 $POUJOVJUZ
 BOE %JЙFSFOUJBCJMJUZ

"DUJWJUZ ������ *O UIJT BDUJWJUZ
 XF FYQMPSF UXP EJЙFSFOU GVODUJPOT BOE DMBTTJGZ UIF QPJOUT BU XIJDI FBDI JT OPU
EJЙFSFOUJBCMF� -FU ! CF UIF GVODUJPO HJWFO CZ UIF SVMF !(x) ! |x |
 BOE MFU f CF UIF GVODUJPO UIBU XF IBWF QSFWJPVTMZ
FYQMPSFE JO 1SFWJFX "DUJWJUZ �����
 XIPTF HSBQI JT HJWFO BHBJO JO 'JHVSF ������

-3 -2 -1 1 2 3

-3

-2

-1

1

2

3

f

'JHVSF ������ 5IF HSBQI PG y ! f (x) GPS "DUJWJUZ ������

B� 3FBTPOJOH WJTVBMMZ
 FYQMBJO XIZ ! JT EJЙFSFOUJBCMF BU FWFSZ QPJOU x TVDI UIBU x ! 0�

C� 6TF UIF MJNJU EFКOJUJPO PG UIF EFSJWBUJWF UP TIPX UIBU !′(0) ! limh→0
|h |
h �

D� &YQMBJO XIZ !′(0) GBJMT UP FYJTU CZ VTJOH TNBMM QPTJUJWF BOE OFHBUJWF WBMVFT PG h�

E� 4UBUF BMM WBMVFT PG a GPSXIJDI f JT OPU EJЙFSFOUJBCMF BU x ! a� 'PS FBDI
 QSPWJEF B SFBTPO GPS ZPVS DPODMVTJPO�

F� 5SVF PS GBMTF� JG B GVODUJPO p JT EJЙFSFOUJBCMF BU x ! b
 UIFO limx→b p(x) NVTU FYJTU� 8IZ 

��





��� 5IF 5BOHFOU -JOF "QQSPYJNBUJPO

��� 5IF 5BOHFOU -JOF "QQSPYJNBUJPO

1SFWJFX "DUJWJUZ ������ $POTJEFS UIF GVODUJPO y ! !(x) ! −x2 + 3x + 2�

B� 6TF UIF MJNJU EFКOJUJPO PG UIF EFSJWBUJWF UP DPNQVUF B GPSNVMB GPS y ! !′(x)�
C� %FUFSNJOF UIF TMPQF PG UIF UBOHFOU MJOF UP y ! !(x) BU UIF WBMVF x ! 2�

D� $PNQVUF !(2)�
E� 'JOE BO FRVBUJPO GPS UIF UBOHFOU MJOF UP y ! !(x) BU UIF QPJOU (2, !(2))� 8SJUF ZPVS SFTVMU JO QPJOU�TMPQF

GPSN�

F� 0O UIF BYFT QSPWJEFE JO 'JHVSF �����
 TLFUDI BO BDDVSBUF
 MBCFMFE HSBQI PG y ! !(x) BMPOH XJUI JUT UBOHFOU
MJOF BU UIF QPJOU (2, !(2))�

'JHVSF ������ "YFT GPS QMPUUJOH y ! !(x) BOE JUT UBOHFOU MJOF UP UIF QPJOU (2, !(2))�

��





��� 5IF 5BOHFOU -JOF "QQSPYJNBUJPO

"DUJWJUZ ������ 4VQQPTF JU JT LOPXO UIBU GPS B HJWFO EJЙFSFOUJBCMF GVODUJPO y ! !(x)
 JUT MPDBM MJOFBSJ[BUJPO BU UIF
QPJOU XIFSF a ! −1 JT HJWFO CZ L(x) ! −2 + 3(x + 1)�

B� $PNQVUF UIF WBMVFT PG L(−1) BOE L′(−1)�
C� 8IBU NVTU CF UIF WBMVFT PG !(−1) BOE !′(−1) 8IZ 

D� %P ZPV FYQFDU UIF WBMVF PG !(−1.03) UP CF HSFBUFS UIBO PS MFTT UIBO UIF WBMVF PG !(−1) 8IZ 

E� 6TF UIF MPDBM MJOFBSJ[BUJPO UP FTUJNBUF UIF WBMVF PG !(−1.03)�
F� 4VQQPTF UIBU ZPV BMTP LOPX UIBU !′′(−1) ! 2� 8IBU EPFT UIJT UFMM ZPV BCPVU UIF HSBQI PG y ! !(x) BU a ! −1 

G� 'PS x OFBS −1
 TLFUDI UIF HSBQI PG UIF MPDBM MJOFBSJ[BUJPO y ! L(x) BT XFMM BT B QPTTJCMF HSBQI PG y ! !(x)
PO UIF BYFT QSPWJEFE JO 'JHVSF ������

'JHVSF ������ "YFT GPS QMPUUJOH y ! L(x) BOE y ! !(x)�

��





��� 5IF 5BOHFOU -JOF "QQSPYJNBUJPO

"DUJWJUZ ������ 5IJT BDUJWJUZ DPODFSOT B GVODUJPO f (x) BCPVU XIJDI UIF GPMMPXJOH JOGPSNBUJPO JT LOPXO�

ə f JT B EJЙFSFOUJBCMF GVODUJPO EFКOFE BU FWFSZ SFBM OVNCFS x

ə f (2) ! −1

ə y ! f ′(x) IBT JUT HSBQI HJWFO JO 'JHVSF �����

2

2

x

2

2

x

y = f ′(x)

2

2

x

'JHVSF ������ "U DFOUFS
 B HSBQI PG y ! f ′(x)� BU MFGU
 BYFT GPS QMPUUJOH y ! f (x)� BU SJHIU
 BYFT GPS QMPUUJOH y ! f ′′(x)�

:PVS UBTL JT UP EFUFSNJOF BTNVDI JOGPSNBUJPO BT QPTTJCMF BCPVU f 	FTQFDJBMMZ OFBS UIF WBMVF a ! 2
 CZ SFTQPOEJOH
UP UIF RVFTUJPOT CFMPX�

B� 'JOE B GPSNVMB GPS UIF UBOHFOU MJOF BQQSPYJNBUJPO
 L(x)
 UP f BU UIF QPJOU (2,−1)�
C� 6TF UIF UBOHFOU MJOF BQQSPYJNBUJPO UP FTUJNBUF UIF WBMVF PG f (2.07)� 4IPX ZPVS XPSL DBSFGVMMZ BOE DMFBSMZ�

D� 4LFUDI B HSBQI PG y ! f ′′(x) PO UIF SJHIUIBOE HSJE JO 'JHVSF ������ MBCFM JU BQQSPQSJBUFMZ�

E� *T UIF TMPQF PG UIF UBOHFOU MJOF UP y ! f (x) JODSFBTJOH
 EFDSFBTJOH
 PS OFJUIFS XIFO x ! 2 &YQMBJO�

F� 4LFUDI B QPTTJCMF HSBQI PG y ! f (x) OFBS x ! 2 PO UIF MFGUIBOE HSJE JO 'JHVSF ������ *ODMVEF B TLFUDI PG
y ! L(x) 	GPVOE JO QBSU 	B

� &YQMBJO IPX ZPV LOPX UIF HSBQI PG y ! f (x) MPPLT MJLF ZPV IBWF ESBXO JU�

G� %PFT ZPVS FTUJNBUF JO 	C
 PWFS� PS VOEFS�FTUJNBUF UIF USVF WBMVF PG f (2.07) 8IZ 

��





$)"15&3 �
$PNQVUJOH %FSJWBUJWFT

��� &MFNFOUBSZ EFSJWBUJWF SVMFT

1SFWJFX"DUJWJUZ ������ 'VODUJPOT PG UIF GPSN f (x) ! xn 
 XIFSF n ! 1, 2, 3, . . .
 BSF PGUFO DBMMFE QPXFS GVODUJPOT�
5IF КSTU UXP RVFTUJPOT CFMPX SFWJTJU XPSL XF EJE FBSMJFS JO $IBQUFS �
 BOE UIF GPMMPXJOH RVFTUJPOT FYUFOE UIPTF
JEFBT UP IJHIFS QPXFST PG x�

B� 6TF UIF MJNJU EFКOJUJPO PG UIF EFSJWBUJWF UP КOE f ′(x) GPS f (x) ! x2�

C� 6TF UIF MJNJU EFКOJUJPO PG UIF EFSJWBUJWF UP КOE f ′(x) GPS f (x) ! x3�

D� 6TF UIF MJNJU EFКOJUJPO PG UIF EFSJWBUJWF UP КOE f ′(x) GPS f (x) ! x4� 	)JOU� (a + b)4 ! a4 + 4a3b + 6a2b2 +
4ab3 + b4� "QQMZ UIJT SVMF UP (x + h)4 XJUIJO UIF MJNJU EFКOJUJPO�


E� #BTFE PO ZPVSXPSL JO 	B

 	C

 BOE 	D

 XIBU EP ZPV DPOKFDUVSF JT UIF EFSJWBUJWF PG f (x) ! x5 0G f (x) ! x13 

F� $POKFDUVSF B GPSNVMB GPS UIF EFSJWBUJWF PG f (x) ! xn UIBU IPMET GPS BOZ QPTJUJWF JOUFHFS n� 5IBU JT
 HJWFO
f (x) ! xn XIFSF n JT B QPTJUJWF JOUFHFS
 XIBU EP ZPV UIJOL JT UIF GPSNVMB GPS f ′(x) 





��� &MFNFOUBSZ EFSJWBUJWF SVMFT

"DUJWJUZ ������ 6TF UIF UISFF SVMFT BCPWF UP EFUFSNJOF UIF EFSJWBUJWF PG FBDI PG UIF GPMMPXJOH GVODUJPOT� 'PS FBDI

TUBUF ZPVS BOTXFS VTJOH GVMM BOE QSPQFS OPUBUJPO
 MBCFMJOH UIF EFSJWBUJWF XJUI JUT OBNF� 'PS FYBNQMF
 JG ZPV BSF
HJWFO B GVODUJPO h(z)
 ZPV TIPVME XSJUF ɔh′(z) !ɕ PS ɔ dh

dz !ɕ BT QBSU PG ZPVS SFTQPOTF�

B� f (t) ! π
C� !(z) ! 7z

D� h(w) ! w3/4

E� p(x) ! 31/2

F� r(t) ! (
√

2)t

G� s(q) ! q−1

H� m(t) ! 1
t3

��





��� &MFNFOUBSZ EFSJWBUJWF SVMFT

"DUJWJUZ ������ 6TF POMZ UIF SVMFT GPS DPOTUBOU
 QPXFS
 BOE FYQPOFOUJBM GVODUJPOT
 UPHFUIFS XJUI UIF $POTUBOU
.VMUJQMF BOE 4VN3VMFT
 UP DPNQVUF UIF EFSJWBUJWF PG FBDI GVODUJPO CFMPXXJUI SFTQFDU UP UIF HJWFO JOEFQFOEFOU
WBSJBCMF� /PUFXFMM UIBUXFEPOPU ZFU LOPXBOZ SVMFT GPS IPX UPEJЙFSFOUJBUF UIF QSPEVDU PS RVPUJFOU PG GVODUJPOT�
5IJTNFBOT UIBU ZPVNBZ IBWF UP EP TPNF BMHFCSB КSTU PO UIF GVODUJPOT CFMPXCFGPSF ZPV DBO BDUVBMMZ VTF FYJTUJOH
SVMFT UP DPNQVUF UIF EFTJSFE EFSJWBUJWF GPSNVMB� *O FBDI DBTF
 MBCFM UIF EFSJWBUJWF ZPV DBMDVMBUF XJUI JUT OBNF
VTJOH QSPQFS OPUBUJPO TVDI BT f ′(x)
 h′(z)
 dr/dt
 FUD�

B� f (x) ! x5/3 − x4 + 2x

C� !(x) ! 14ex + 3x5 − x

D� h(z) ! √
z + 1

z4 + 5z

E� r(t) !
√

53 t7 − πet + e4

F� s(y) ! (y2 + 1)(y2 − 1)
G� q(x) ! x3−x+2

x

H� p(a) ! 3a4 − 2a3 + 7a2 − a + 12

��





��� &MFNFOUBSZ EFSJWBUJWF SVMFT

"DUJWJUZ ������ &BDI PG UIF GPMMPXJOH RVFTUJPOT BTLT ZPV UP VTF EFSJWBUJWFT UP BOTXFS LFZ RVFTUJPOT BCPVU GVOD�
UJPOT� #F TVSF UP UIJOL DBSFGVMMZ BCPVU FBDI RVFTUJPO BOE UP VTF QSPQFS OPUBUJPO JO ZPVS SFTQPOTFT�

B� 'JOE UIF TMPQF PG UIF UBOHFOU MJOF UP h(z) ! √
z + 1

z BU UIF QPJOU XIFSF z ! 4�

C� " QPQVMBUJPO PG DFMMT JT HSPXJOH JO TVDI B XBZ UIBU JUT UPUBM OVNCFS JO NJMMJPOT JT HJWFO CZ UIF GVODUJPO
P(t) ! 2(1.37)t + 32
 XIFSF t JT NFBTVSFE JO EBZT�

J� %FUFSNJOF UIF JOTUBOUBOFPVT SBUF BU XIJDI UIF QPQVMBUJPO JT HSPXJOH PO EBZ �
 BOE JODMVEF VOJUT PO
ZPVS BOTXFS�

JJ� *T UIF QPQVMBUJPO HSPXJOH BU BO JODSFBTJOH SBUF PS HSPXJOH BU B EFDSFBTJOH SBUF PO EBZ � &YQMBJO�

D� 'JOE BO FRVBUJPO GPS UIF UBOHFOU MJOF UP UIF DVSWF p(a) ! 3a4 − 2a3 + 7a2 − a + 12 BU UIF QPJOU XIFSF a ! −1�

E� 8IBU JT UIF EJЙFSFODF CFUXFFO CFJOH BTLFE UP КOE UIF TMPQF PG UIF UBOHFOU MJOF 	BTLFE JO 	B

 BOE UIF FRVBUJPO
PG UIF UBOHFOU MJOF 	BTLFE JO 	D

 

��





��� 5IF TJOF BOE DPTJOF GVODUJPOT

��� 5IF TJOF BOE DPTJOF GVODUJPOT

1SFWJFX "DUJWJUZ ������ $POTJEFS UIF GVODUJPO !(x) ! 2x 
 XIJDI JT HSBQIFE JO 'JHVSF ������

B� "U FBDI PG x ! −2,−1, 0, 1, 2
 VTF B TUSBJHIUFEHF UP TLFUDI BO BDDVSBUF UBOHFOU MJOF UP y ! !(x)�
C� 6TF UIF QSPWJEFE HSJE UP FTUJNBUF UIF TMPQF PG UIF UBOHFOU MJOF ZPV ESFX BU FBDI QPJOU JO 	B
�

D� 6TF UIF MJNJU EFКOJUJPO PG UIF EFSJWBUJWF UP FTUJNBUF !′(0) CZ VTJOH TNBMM WBMVFT PG h
 BOE DPNQBSF UIF
SFTVMU UP ZPVS WJTVBM FTUJNBUF GPS UIF TMPQF PG UIF UBOHFOU MJOF UP y ! !(x) BU x ! 0 JO 	C
�

E� #BTFE PO ZPVS XPSL JO 	B

 	C

 BOE 	D

 TLFUDI BO BDDVSBUF HSBQI PG y ! !′(x) PO UIF BYFT BEKBDFOU UP UIF
HSBQI PG y ! !(x)�

F� 8SJUF BU MFBTU POF TFOUFODF UIBU FYQMBJOT XIZ JU JT SFBTPOBCMF UP UIJOL UIBU !′(x) ! c!(x)
 XIFSF c JT B
DPOTUBOU� *O BEEJUJPO
 DBMDVMBUF ln(2)
 BOE UIFO EJTDVTT IPX UIJT WBMVF
 DPNCJOFE XJUI ZPVS XPSL BCPWF

SFBTPOBCMZ TVHHFTUT UIBU !′(x) ! 2x ln(2)�

-2 -1 1 2

1

2

3

4

5

6

7

-2 -1 1 2

1

2

3

4

5

6

7

'JHVSF ������ "U MFGU
 UIF HSBQI PG y ! !(x) ! 2x � "U SJHIU
 BYFT GPS QMPUUJOH y ! !′(x)�

��





��� 5IF TJOF BOE DPTJOF GVODUJPOT

"DUJWJUZ ������ $POTJEFS UIF GVODUJPO f (x) ! sin(x)
 XIJDI JT HSBQIFE JO 'JHVSF ����� CFMPX� /PUF DBSFGVMMZ UIBU
UIF HSJE JO UIF EJBHSBN EPFT OPU IBWF CPYFT UIBU BSF 1 × 1
 CVU SBUIFS BQQSPYJNBUFMZ 1.57 × 1
 BT UIF IPSJ[POUBM
TDBMF PG UIF HSJE JT π/2 VOJUT QFS CPY�

-1

1

−2π −π π

2π

−2π −π π 2π
-1

1

'JHVSF ������ "U MFGU
 UIF HSBQI PG y ! f (x) ! sin(x)�

B� "U FBDI PG x ! −2π,− 3π
2 ,−π,−π2 , 0, π2 , π, 3π

2 , 2π
 VTF B TUSBJHIUFEHF UP TLFUDI BO BDDVSBUF UBOHFOU MJOF UP
y ! f (x)�

C� 6TF UIF QSPWJEFE HSJE UP FTUJNBUF UIF TMPQF PG UIF UBOHFOU MJOF ZPV ESFX BU FBDI QPJOU� 1BZ DBSFGVM BUUFOUJPO
UP UIF TDBMF PG UIF HSJE�

D� 6TF UIF MJNJU EFКOJUJPO PG UIF EFSJWBUJWF UP FTUJNBUF f ′(0) CZ VTJOH TNBMM WBMVFT PG h
 BOE DPNQBSF UIF
SFTVMU UP ZPVS WJTVBM FTUJNBUF GPS UIF TMPQF PG UIF UBOHFOU MJOF UP y ! f (x) BU x ! 0 JO 	C
� 6TJOH QFSJPEJDJUZ

XIBU EPFT UIJT SFTVMU TVHHFTU BCPVU f ′(2π) BCPVU f ′(−2π) 

E� #BTFE PO ZPVS XPSL JO 	B

 	C

 BOE 	D

 TLFUDI BO BDDVSBUF HSBQI PG y ! f ′(x) PO UIF BYFT BEKBDFOU UP UIF
HSBQI PG y ! f (x)�

F� 8IBU GBNJMJBS GVODUJPO EP ZPV UIJOL JT UIF EFSJWBUJWF PG f (x) ! sin(x) 

��





��� 5IF TJOF BOE DPTJOF GVODUJPOT

"DUJWJUZ ������ $POTJEFS UIF GVODUJPO !(x) ! cos(x)
 XIJDI JT HSBQIFE JO 'JHVSF ����� CFMPX� /PUF DBSFGVMMZ UIBU
UIF HSJE JO UIF EJBHSBN EPFT OPU IBWF CPYFT UIBU BSF 1 × 1
 CVU SBUIFS BQQSPYJNBUFMZ 1.57 × 1
 BT UIF IPSJ[POUBM
TDBMF PG UIF HSJE JT π/2 VOJUT QFS CPY�

-1

1

−2π −π π 2π −2π −π π 2π
-1

1

'JHVSF ������ "U MFGU
 UIF HSBQI PG y ! !(x) ! cos(x)�

B� "U FBDI PG x ! −2π,− 3π
2 ,−π,−π2 , 0, π2 , π, 3π

2 , 2π
 VTF B TUSBJHIUFEHF UP TLFUDI BO BDDVSBUF UBOHFOU MJOF UP
y ! !(x)�

C� 6TF UIF QSPWJEFE HSJE UP FTUJNBUF UIF TMPQF PG UIF UBOHFOU MJOF ZPV ESFX BU FBDI QPJOU� "HBJO
 OPUF UIF
TDBMF PG UIF BYFT BOE HSJE�

D� 6TF UIF MJNJU EFКOJUJPO PG UIF EFSJWBUJWF UP FTUJNBUF !′(π2 ) CZ VTJOH TNBMM WBMVFT PG h
 BOE DPNQBSF UIF
SFTVMU UP ZPVS WJTVBM FTUJNBUF GPS UIF TMPQF PG UIF UBOHFOU MJOF UP y ! !(x) BU x ! π

2 JO 	C
� 6TJOH QFSJPEJDJUZ

XIBU EPFT UIJT SFTVMU TVHHFTU BCPVU !′(− 3π

2 ) DBO TZNNFUSZ PO UIF HSBQI IFMQ ZPV FTUJNBUF PUIFS TMPQFT
FBTJMZ 

E� #BTFE PO ZPVS XPSL JO 	B

 	C

 BOE 	D

 TLFUDI BO BDDVSBUF HSBQI PG y ! !′(x) PO UIF BYFT BEKBDFOU UP UIF
HSBQI PG y ! !(x)�

F� 8IBU GBNJMJBS GVODUJPO EP ZPV UIJOL JT UIF EFSJWBUJWF PG !(x) ! cos(x) 

��





��� 5IF TJOF BOE DPTJOF GVODUJPOT

"DUJWJUZ ������ "OTXFS FBDI PG UIF GPMMPXJOH RVFTUJPOT� 8IFSF B EFSJWBUJWF JT SFRVFTUFE
 CF TVSF UP MBCFM UIF
EFSJWBUJWF GVODUJPO XJUI JUT OBNF VTJOH QSPQFS OPUBUJPO�

B� %FUFSNJOF UIF EFSJWBUJWF PG h(t) ! 3 cos(t) − 4 sin(t)�
C� 'JOE UIF FYBDU TMPQF PG UIF UBOHFOU MJOF UP y ! f (x) ! 2x +

sin(x)
2 BU UIF QPJOU XIFSF x ! π

6 �

D� 'JOE UIF FRVBUJPO PG UIF UBOHFOU MJOF UP y ! !(x) ! x2 + 2 cos(x) BU UIF QPJOU XIFSF x ! π
2 �

E� %FUFSNJOF UIF EFSJWBUJWF PG p(z) ! z4 + 4z + 4 cos(z) − sin(π2 )�
F� 5IF GVODUJPO P(t) ! 24+8 sin(t) SFQSFTFOUT B QPQVMBUJPO PG B QBSUJDVMBS LJOE PG BOJNBM UIBU MJWFT PO B TNBMM

JTMBOE
 XIFSF P JT NFBTVSFE JO IVOESFET BOE t JT NFBTVSFE JO EFDBEFT TJODF +BOVBSZ �
 ����� 8IBU JT UIF
JOTUBOUBOFPVT SBUF PG DIBOHF PG P PO +BOVBSZ �
 ���� 8IBU BSF UIF VOJUT PG UIJT RVBOUJUZ 8SJUF B TFOUFODF
JO FWFSZEBZ MBOHVBHF UIBU FYQMBJOT IPX UIF QPQVMBUJPO JT CFIBWJOH BU UIJT QPJOU JO UJNF�

��





��� 5IF QSPEVDU BOE RVPUJFOU SVMFT

��� 5IF QSPEVDU BOE RVPUJFOU SVMFT

1SFWJFX "DUJWJUZ ������ -FU f BOE ! CF UIF GVODUJPOT EFКOFE CZ f (t) ! 2t2 BOE !(t) ! t3 + 4t�

B� %FUFSNJOF f ′(t) BOE !′(t)�
C� -FU p(t) ! 2t2(t3 + 4t) BOE PCTFSWF UIBU p(t) ! f (t) · !(t)� 3FXSJUF UIF GPSNVMB GPS p CZ EJTUSJCVUJOH UIF 2t2

UFSN� 5IFO
 DPNQVUF p′(t) VTJOH UIF TVN BOE DPOTUBOU NVMUJQMF SVMFT�

D� 5SVF PS GBMTF� p′(t) ! f ′(t) · !′(t)�

E� -FU q(t) ! t3+4t
2t2 BOE PCTFSWF UIBU q(t) !

!(t)
f (t) � 3FXSJUF UIF GPSNVMB GPS q CZ EJWJEJOH FBDI UFSN JO UIF

OVNFSBUPS CZ UIF EFOPNJOBUPS BOE TJNQMJGZ UP XSJUF q BT B TVN PG DPOTUBOU NVMUJQMFT PG QPXFST PG t�
5IFO
 DPNQVUF q′(t) VTJOH UIF TVN BOE DPOTUBOU NVMUJQMF SVMFT�

F� 5SVF PS GBMTF� q′(t) ! !′(t)
f ′(t) �

��





��� 5IF QSPEVDU BOE RVPUJFOU SVMFT

"DUJWJUZ ������ 6TF UIF QSPEVDU SVMF UP BOTXFS FBDI PG UIF RVFTUJPOT CFMPX� 5ISPVHIPVU
 CF TVSF UP DBSFGVMMZ
MBCFM BOZ EFSJWBUJWF ZPV КOE CZ OBNF� *U JT OPU OFDFTTBSZ UP BMHFCSBJDBMMZ TJNQMJGZ BOZ PG UIF EFSJWBUJWFT ZPV
DPNQVUF�

B� -FU m(w) ! 3w174w � 'JOE m′(w)�
C� -FU h(t) ! (sin(t) + cos(t))t4� 'JOE h′(t)�
D� %FUFSNJOF UIF TMPQF PG UIF UBOHFOU MJOF UP UIF DVSWF y ! f (x) BU UIF QPJOU XIFSF a ! 1 JG f JT HJWFO CZ UIF

SVMF f (x) ! ex sin(x)�
E� 'JOE UIF UBOHFOU MJOF BQQSPYJNBUJPO L(x) UP UIF GVODUJPO y ! !(x) BU UIF QPJOU XIFSF a ! −1 JG ! JT HJWFO

CZ UIF SVMF !(x) ! (x2 + x)2x �

��





��� 5IF QSPEVDU BOE RVPUJFOU SVMFT

"DUJWJUZ ������ 6TF UIF RVPUJFOU SVMF UP BOTXFS FBDI PG UIF RVFTUJPOT CFMPX� 5ISPVHIPVU
 CF TVSF UP DBSFGVMMZ
MBCFM BOZ EFSJWBUJWF ZPV КOE CZ OBNF� 5IBU JT
 JG ZPVɒSF HJWFO B GPSNVMB GPS f (x)
 DMFBSMZ MBCFM UIF GPSNVMB ZPV
КOE GPS f ′(x)� *U JT OPU OFDFTTBSZ UP BMHFCSBJDBMMZ TJNQMJGZ BOZ PG UIF EFSJWBUJWFT ZPV DPNQVUF�

B� -FU r(z) ! 3z

z4+1 � 'JOE r′(z)�

C� -FU v(t) ! sin(t)
cos(t)+t2 � 'JOE v′(t)�

D� %FUFSNJOF UIF TMPQF PG UIF UBOHFOU MJOF UP UIF DVSWF R(x) ! x2 − 2x − 8
x2 − 9

BU UIF QPJOU XIFSF x ! 0�

E� 8IFO B DBNFSB ЛBTIFT
 UIF JOUFOTJUZ I PG MJHIU TFFO CZ UIF FZF JT HJWFO CZ UIF GVODUJPO

I(t) ! 100t
e t 


XIFSF I JT NFBTVSFE JO DBOEMFT BOE t JT NFBTVSFE JONJMMJTFDPOET� $PNQVUF I′(0.5)
 I′(2)
 BOE I′(5)� JODMVEF
BQQSPQSJBUF VOJUT PO FBDI WBMVF� BOE EJTDVTT UIF NFBOJOH PG FBDI�

��





��� 5IF QSPEVDU BOE RVPUJFOU SVMFT

"DUJWJUZ ������ 6TF SFMFWBOU EFSJWBUJWF SVMFT UP BOTXFS FBDI PG UIF RVFTUJPOT CFMPX� 5ISPVHIPVU
 CF TVSF UP VTF
QSPQFS OPUBUJPO BOE DBSFGVMMZ MBCFM BOZ EFSJWBUJWF ZPV КOE CZ OBNF�

B� -FU f (r) ! (5r3 + sin(r))(4r − 2 cos(r))� 'JOE f ′(r)�

C� -FU p(t) ! cos(t)
t6 · 6t � 'JOE p′(t)�

D� -FU !(z) ! 3z7ez − 2z2 sin(z) + z
z2+1 � 'JOE !

′(z)�

E� "NPWJOH QBSUJDMF IBT JUT QPTJUJPO JO GFFU BU UJNF t JO TFDPOET HJWFO CZ UIF GVODUJPO s(t) ! 3 cos(t)−sin(t)
et � 'JOE

UIF QBSUJDMFɒT JOTUBOUBOFPVT WFMPDJUZ BU UIF NPNFOU t ! 1�

F� 4VQQPTF UIBU f (x) BOE !(x) BSF EJЙFSFOUJBCMF GVODUJPOT BOE JU JT LOPXO UIBU f (3) ! −2
 f ′(3) ! 7
 !(3) ! 4


BOE !′(3) ! −1� *G p(x) ! f (x) · !(x) BOE q(x) ! f (x)
!(x) 
 DBMDVMBUF p′(3) BOE q′(3)�

��





��� %FSJWBUJWFT PG PUIFS USJHPOPNFUSJD GVODUJPOT

��� %FSJWBUJWFT PG PUIFS USJHPOPNFUSJD GVODUJPOT

1SFWJFX "DUJWJUZ ������ $POTJEFS UIF GVODUJPO f (x) ! tan(x)
 BOE SFNFNCFS UIBU tan(x) ! sin(x)
cos(x) �

B� 8IBU JT UIF EPNBJO PG f  

C� 6TF UIF RVPUJFOU SVMF UP TIPX UIBU POF FYQSFTTJPO GPS f ′(x) JT

f ′(x) ! cos(x) cos(x) + sin(x) sin(x)
cos2(x) �

D� 8IBU JT UIF 'VOEBNFOUBM 5SJHPOPNFUSJD *EFOUJUZ )PX DBO UIJT JEFOUJUZ CF VTFE UP КOE B TJNQMFS GPSN
GPS f ′(x) 

E� 3FDBMM UIBU sec(x) ! 1
cos(x) � )PX DBO XF FYQSFTT f ′(x) JO UFSNT PG UIF TFDBOU GVODUJPO 

F� 'PS XIBU WBMVFT PG x JT f ′(x) EFКOFE )PX EPFT UIJT TFU DPNQBSF UP UIF EPNBJO PG f  

��





��� %FSJWBUJWFT PG PUIFS USJHPOPNFUSJD GVODUJPOT

"DUJWJUZ ������ -FU h(x) ! sec(x) BOE SFDBMM UIBU sec(x) ! 1
cos(x) �

B� 8IBU JT UIF EPNBJO PG h 

C� 6TF UIF RVPUJFOU SVMF UP EFWFMPQ B GPSNVMB GPS h′(x) UIBU JT FYQSFTTFE DPNQMFUFMZ JO UFSNT PG sin(x) BOE
cos(x)�

D� )PX DBO ZPV VTF PUIFS SFMBUJPOTIJQT BNPOH USJHPOPNFUSJD GVODUJPOT UP XSJUF h′(x) POMZ JO UFSNT PG tan(x)
BOE sec(x) 

E� 8IBU JT UIF EPNBJO PG h′ )PX EPFT UIJT DPNQBSF UP UIF EPNBJO PG h 

��





��� %FSJWBUJWFT PG PUIFS USJHPOPNFUSJD GVODUJPOT

"DUJWJUZ ������ -FU p(x) ! csc(x) BOE SFDBMM UIBU csc(x) ! 1
sin(x) �

B� 8IBU JT UIF EPNBJO PG p 

C� 6TF UIF RVPUJFOU SVMF UP EFWFMPQ B GPSNVMB GPS p′(x) UIBU JT FYQSFTTFE DPNQMFUFMZ JO UFSNT PG sin(x) BOE
cos(x)�

D� )PX DBO ZPV VTF PUIFS SFMBUJPOTIJQT BNPOH USJHPOPNFUSJD GVODUJPOT UP XSJUF p′(x) POMZ JO UFSNT PG cot(x)
BOE csc(x) 

E� 8IBU JT UIF EPNBJO PG p′ )PX EPFT UIJT DPNQBSF UP UIF EPNBJO PG p 

��





��� %FSJWBUJWFT PG PUIFS USJHPOPNFUSJD GVODUJPOT

"DUJWJUZ ������ "OTXFS FBDI PG UIF GPMMPXJOH RVFTUJPOT� 8IFSF B EFSJWBUJWF JT SFRVFTUFE
 CF TVSF UP MBCFM UIF
EFSJWBUJWF GVODUJPO XJUI JUT OBNF VTJOH QSPQFS OPUBUJPO�

B� -FU f (x) ! 5 sec(x) − 2 csc(x)� 'JOE UIF TMPQF PG UIF UBOHFOU MJOF UP f BU UIF QPJOU XIFSF x ! π
3 �

C� -FU p(z) ! z2 sec(z) − z cot(z)� 'JOE UIF JOTUBOUBOFPVT SBUF PG DIBOHF PG p BU UIF QPJOU XIFSF z ! π
4 �

D� -FU h(t) ! tan(t)
t2 + 1

− 2et cos(t)� 'JOE h′(t)�

E� -FU !(r) ! r sec(r)
5r � 'JOE !′(r)�

F� 8IFO B NBTT IBOHT GSPN B TQSJOH BOE JT TFU JO NPUJPO
 UIF PCKFDUɒT QPTJUJPO PTDJMMBUFT JO B XBZ UIBU UIF TJ[F
PG UIF PTDJMMBUJPOT EFDSFBTF� 5IJT JT VTVBMMZ DBMMFE B EBNQFE PTDJMMBUJPO� 4VQQPTF UIBU GPS B QBSUJDVMBS PCKFDU

JUT EJTQMBDFNFOU GSPN FRVJMJCSJVN 	XIFSF UIF PCKFDU TJUT BU SFTU
 JT NPEFMFE CZ UIF GVODUJPO

s(t) ! 15 sin(t)
et �

"TTVNF UIBU s JT NFBTVSFE JO JODIFT BOE t JO TFDPOET� 4LFUDI B HSBQI PG UIJT GVODUJPO GPS t ≥ 0 UP TFF IPX
JU SFQSFTFOUT UIF TJUVBUJPO EFTDSJCFE� 5IFO DPNQVUF ds/dt
 TUBUF UIF VOJUT PO UIJT GVODUJPO
 BOE FYQMBJO
XIBU JU UFMMT ZPV BCPVU UIF PCKFDUɒT NPUJPO� 'JOBMMZ
 DPNQVUF BOE JOUFSQSFU s′(2)�

��





��� 5IF DIBJO SVMF

��� 5IF DIBJO SVMF

1SFWJFX"DUJWJUZ ������ 'PS FBDI GVODUJPO HJWFO CFMPX
 JEFOUJGZ JUT GVOEBNFOUBM BMHFCSBJD TUSVDUVSF� *O QBSUJDVMBS

JT UIF HJWFO GVODUJPO B TVN
 QSPEVDU
 RVPUJFOU
 PS DPNQPTJUJPO PG CBTJD GVODUJPOT *G UIF GVODUJPO JT B DPNQPTJUJPO
PG CBTJD GVODUJPOT
 TUBUF B GPSNVMB GPS UIF JOOFS GVODUJPO ! BOE UIF PVUFS GVODUJPO f TP UIBU UIF PWFSBMM DPNQPTJUF
GVODUJPO DBO CF XSJUUFO JO UIF GPSN f (!(x))� *G UIF GVODUJPO JT B TVN
 QSPEVDU
 PS RVPUJFOU PG CBTJD GVODUJPOT
 VTF
UIF BQQSPQSJBUF SVMF UP EFUFSNJOF JUT EFSJWBUJWF�

B� h(x) ! tan(2x)
C� p(x) ! 2x tan(x)
D� r(x) ! (tan(x))2

E� m(x) ! etan(x)

F� w(x) ! √
x + tan(x)

G� z(x) !
√

tan(x)

��





��� 5IF DIBJO SVMF

"DUJWJUZ ������ 'PS FBDI GVODUJPO HJWFO CFMPX
 JEFOUJGZ BO JOOFS GVODUJPO ! BOE PVUFS GVODUJPO f UP XSJUF UIF
GVODUJPO JO UIF GPSN f (!(x))� %FUFSNJOF f ′(x)
 !′(x)
 BOE f ′(!(x))
 BOE UIFO BQQMZ UIF DIBJO SVMF UP EFUFSNJOF
UIF EFSJWBUJWF PG UIF HJWFO GVODUJPO�

B� h(x) ! cos(x4)
C� p(x) !

√
tan(x)

D� s(x) ! 2sin(x)

E� z(x) ! cot5(x)
F� m(x) ! (sec(x) + ex)9

��





��� 5IF DIBJO SVMF

"DUJWJUZ ������ 'PS FBDI PG UIF GPMMPXJOH GVODUJPOT
 КOE UIF GVODUJPOɒT EFSJWBUJWF� 4UBUF UIF SVMF	T
 ZPV VTF
 MBCFM
SFMFWBOU EFSJWBUJWFT BQQSPQSJBUFMZ
 BOE CF TVSF UP DMFBSMZ JEFOUJGZ ZPVS PWFSBMM BOTXFS�

B� p(r) ! 4
√

r6 + 2er

C� m(v) ! sin(v2) cos(v3)

D� h(y) ! cos(10y)
e4y+1

E� s(z) ! 2z2 sec(z)

F� c(x) ! sin(ex2)

��





��� 5IF DIBJO SVMF

"DUJWJUZ ������ 6TF LOPXO EFSJWBUJWF SVMFT
 JODMVEJOH UIF DIBJO SVMF
 BT OFFEFE UP BOTXFS FBDI PG UIF GPMMPXJOH
RVFTUJPOT�

B� 'JOE BO FRVBUJPO GPS UIF UBOHFOU MJOF UP UIF DVSWF y !
√

ex + 3 BU UIF QPJOU XIFSF x ! 0�

C� *G s(t) ! 1
(t2 + 1)3 SFQSFTFOUT UIF QPTJUJPO GVODUJPO PG B QBSUJDMF NPWJOH IPSJ[POUBMMZ BMPOH BO BYJT BU UJNF t

	XIFSF s JT NFBTVSFE JO JODIFT BOE t JO TFDPOET

 КOE UIF QBSUJDMFɒT JOTUBOUBOFPVT WFMPDJUZ BU t ! 1� *T UIF
QBSUJDMF NPWJOH UP UIF MFGU PS SJHIU BU UIBU JOTUBOU 

D� "U TFB MFWFM
 BJS QSFTTVSF JT �� JODIFT PG NFSDVSZ� "U BO BMUJUVEF PG h GFFU BCPWF TFB MFWFM
 UIF BJS QSFTTVSF

P
 JO JODIFT PG NFSDVSZ
 JT HJWFO CZ UIF GVODUJPO P ! 30e−0.0000323h � $PNQVUF dP/dh BOE FYQMBJO XIBU UIJT
EFSJWBUJWF GVODUJPO UFMMT ZPV BCPVU BJS QSFTTVSF
 JODMVEJOH B EJTDVTTJPO PG UIF VOJUT PO dP/dh� *O BEEJUJPO

EFUFSNJOF IPX GBTU UIF BJS QSFTTVSF JT DIBOHJOH GPS B QJMPU PG B TNBMM QMBOF QBTTJOH UISPVHI BO BMUJUVEF PG
1000 GFFU�

E� 4VQQPTF UIBU f (x) BOE !(x) BSF EJЙFSFOUJBCMF GVODUJPOT BOE UIBU UIF GPMMPXJOH JOGPSNBUJPO BCPVU UIFN JT
LOPXO�

x f (x) f ′(x) !(x) !′(x)
−1 2 −5 −3 4
2 −3 4 −1 2

5BCMF ������ %BUB GPS GVODUJPOT f BOE !�

*G C(x) JT B GVODUJPO HJWFO CZ UIF GPSNVMB f (!(x))
 EFUFSNJOF C′(2)� *O BEEJUJPO
 JG D(x) JT UIF GVODUJPO
f ( f (x))
 КOE D′(−1)�

���





��� %FSJWBUJWFT PG *OWFSTF 'VODUJPOT

��� %FSJWBUJWFT PG *OWFSTF 'VODUJPOT

1SFWJFX "DUJWJUZ ������ 5IF FRVBUJPO y ! 5
9 (x − 32) SFMBUFT B UFNQFSBUVSF HJWFO JO x EFHSFFT 'BISFOIFJU UP UIF

DPSSFTQPOEJOH UFNQFSBUVSF y NFBTVSFE JO EFHSFFT $FMDJVT�

B� 4PMWF UIF FRVBUJPO y ! 5
9 (x − 32) GPS x UP XSJUF x 	'BISFOIFJU UFNQFSBUVSF
 JO UFSNT PG y 	$FMDJVT UFNQFSB�

UVSF
�

C� -FU C(x) ! 5
9 (x−32) CF UIF GVODUJPO UIBU UBLFT B 'BISFOIFJU UFNQFSBUVSF BT JOQVU BOE QSPEVDFT UIF $FMDJVT

UFNQFSBUVSF BT PVUQVU� *O BEEJUJPO
 MFU F(y) CF UIF GVODUJPO UIBU DPOWFSUT B UFNQFSBUVSF HJWFO JO y EFHSFFT
$FMDJVT UP UIF UFNQFSBUVSF F(y) NFBTVSFE JO EFHSFFT 'BISFOIFJU� 6TF ZPVS XPSL JO 	B
 UP XSJUF B GPSNVMB
GPS F(y)�

D� /FYU DPOTJEFS UIF OFX GVODUJPO EFКOFE CZ p(x) ! F(C(x))� 6TF UIF GPSNVMBT GPS F BOE C UP EFUFSNJOF BO
FYQSFTTJPO GPS p(x) BOE TJNQMJGZ UIJT FYQSFTTJPO BT NVDI BT QPTTJCMF� 8IBU EP ZPV PCTFSWF 

E� /PX
 MFU r(y) ! C(F(y))� 6TF UIF GPSNVMBT GPS F BOE C UP EFUFSNJOF BO FYQSFTTJPO GPS r(y) BOE TJNQMJGZ
UIJT FYQSFTTJPO BT NVDI BT QPTTJCMF� 8IBU EP ZPV PCTFSWF 

F� 8IBU JT UIF WBMVF PG C′(x) PG F′(y) )PX EP UIFTF WBMVFT BQQFBS UP CF SFMBUFE 

���





��� %FSJWBUJWFT PG *OWFSTF 'VODUJPOT

"DUJWJUZ ������ 'PS FBDI GVODUJPO HJWFO CFMPX
 КOE JUT EFSJWBUJWF�

B� h(x) ! x2 ln(x)
C� p(t) ! ln(t)

et+1

D� s(y) ! ln(cos(y) + 2)
E� z(x) ! tan(ln(x))
F� m(z) ! ln(ln(z))

���





��� %FSJWBUJWFT PG *OWFSTF 'VODUJPOT

"DUJWJUZ ������ 5IF GPMMPXJOH QSPNQUT JO UIJT BDUJWJUZ XJMM MFBE ZPV UP EFWFMPQ UIF EFSJWBUJWF PG UIF JOWFSTF UBO�
HFOU GVODUJPO�

B� -FU r(x) ! arctan(x)� 6TF UIF SFMBUJPOTIJQ CFUXFFO UIF BSDUBOHFOU BOE UBOHFOU GVODUJPOT UP SFXSJUF UIJT
FRVBUJPO VTJOH POMZ UIF UBOHFOU GVODUJPO�

C� %JЙFSFOUJBUF CPUI TJEFT PG UIF FRVBUJPO ZPV GPVOE JO 	B
� 4PMWF UIF SFTVMUJOH FRVBUJPO GPS r′(x)
 XSJUJOH
r′(x) BT TJNQMZ BT QPTTJCMF JO UFSNT PG B USJHPOPNFUSJD GVODUJPO FWBMVBUFE BU r(x)�

D� 3FDBMM UIBU r(x) ! arctan(x)� 6QEBUF ZPVS FYQSFTTJPO GPS r′(x) TP UIBU JU POMZ JOWPMWFT USJHPOPNFUSJD GVOD�
UJPOT BOE UIF JOEFQFOEFOU WBSJBCMF x�

E� *OUSPEVDF B SJHIU USJBOHMF XJUI BOHMF θ TP UIBU θ ! arctan(x)� 8IBU BSF UIF UISFF TJEFT PG UIF USJBOHMF 

F� *O UFSNT PG POMZ x BOE 1
 XIBU JT UIF WBMVF PG cos(arctan(x)) 
G� 6TF UIF SFTVMUT PG ZPVS XPSL BCPWF UP КOE BO FYQSFTTJPO JOWPMWJOH POMZ 1 BOE x GPS r′(x)�

���





��� %FSJWBUJWFT PG *OWFSTF 'VODUJPOT

"DUJWJUZ ������ %FUFSNJOF UIF EFSJWBUJWF PG FBDI PG UIF GPMMPXJOH GVODUJPOT�

B� f (x) ! x3 arctan(x) + ex ln(x)
C� p(t) ! 2t arcsin(t)

D� h(z) ! (arcsin(5z) + arctan(4 − z))27

E� s(y) ! cot(arctan(y))
F� m(v) ! ln(sin2(v) + 1)

G� !(w) ! arctan
(

ln(w)
1 + w2

)

���





��� %FSJWBUJWFT PG 'VODUJPOT (JWFO *NQMJDJUMZ

��� %FSJWBUJWFT PG 'VODUJPOT (JWFO *NQMJDJUMZ

1SFWJFX "DUJWJUZ ������ -FU f CF B EJЙFSFOUJBCMF GVODUJPO PG x 	XIPTF GPSNVMB JT OPU LOPXO
 BOE SFDBMM UIBU
d

dx [ f (x)] BOE f ′(x) BSF JOUFSDIBOHFBCMF OPUBUJPOT� %FUFSNJOF FBDI PG UIF GPMMPXJOH EFSJWBUJWFT PG DPNCJOBUJPOT
PG FYQMJDJU GVODUJPOT PG x
 UIF VOLOPXO GVODUJPO f 
 BOE BO BSCJUSBSZ DPOTUBOU c�

B� d
dx

[
x2 + f (x)

]
C� d

dx

[
x2 f (x)

]
D� d

dx

[
c + x + f (x)2

]
E� d

dx

[
f (x2)

]
F� d

dx

[
x f (x) + f (cx) + c f (x)

]

���





��� %FSJWBUJWFT PG 'VODUJPOT (JWFO *NQMJDJUMZ

"DUJWJUZ ������ $POTJEFS UIF DVSWF EFКOFE CZ UIF FRVBUJPO x ! y5 − 5y3 + 4y
 XIPTF HSBQI JT QJDUVSFE JO
'JHVSF ������

B� &YQMBJO XIZ JU JT OPU QPTTJCMF UP FYQSFTT y BT
BO FYQMJDJU GVODUJPO PG x�

C� 6TF JNQMJDJU EJЙFSFOUJBUJPO UP КOE B GPSNVMB
GPS dy/dx�

D� 6TF ZPVS SFTVMU GSPN QBSU 	C
 UP КOE BO FRVB�
UJPO PG UIF MJOF UBOHFOU UP UIF HSBQI PG x !

y5 − 5y3 + 4y BU UIF QPJOU (0, 1)�
E� 6TF ZPVS SFTVMU GSPN QBSU 	C
 UP EFUFSNJOF BMM

PG UIF QPJOUT BU XIJDI UIF HSBQI PG x ! y5 −
5y3 + 4y IBT B WFSUJDBM UBOHFOU MJOF�

-3 3

-3

3

x

y

'JHVSF ������ 5IF DVSWF x ! y5 − 5y3 + 4y�

���





��� %FSJWBUJWFT PG 'VODUJPOT (JWFO *NQMJDJUMZ

"DUJWJUZ ������ $POTJEFS UIF DVSWF EFКOFE CZ UIF FRVBUJPO y(y2 − 1)(y − 2) ! x(x − 1)(x − 2)
 XIPTF HSBQI JT
QJDUVSFE JO 'JHVSF ������ 5ISPVHI JNQMJDJU EJЙFSFOUJBUJPO
 JU DBO CF TIPXO UIBU

dy
dx

!
(x − 1)(x − 2) + x(x − 2) + x(x − 1)

(y2 − 1)(y − 2) + 2y2(y − 2) + y(y2 − 1) �

6TF UIJT GBDU UP BOTXFS FBDI PG UIF GPMMPXJOH RVFTUJPOT�

B� %FUFSNJOF BMM QPJOUT (x , y) BUXIJDI UIF UBOHFOU
MJOF UP UIF DVSWF JT IPSJ[POUBM� 	6TF UFDIOPMPHZ
BQQSPQSJBUFMZ UP КOE UIF OFFEFE [FSPT PG UIF
SFMFWBOU QPMZOPNJBM GVODUJPO�


C� %FUFSNJOF BMM QPJOUT (x , y) BUXIJDI UIF UBOHFOU
MJOF JT WFSUJDBM� 	6TF UFDIOPMPHZ BQQSPQSJBUFMZ
UP КOE UIF OFFEFE [FSPT PG UIF SFMFWBOU QPMZ�
OPNJBM GVODUJPO�


D� 'JOE UIF FRVBUJPO PG UIF UBOHFOU MJOF UP UIF
DVSWF BU POF PG UIF QPJOUT XIFSF x ! 1�

1 2 3

-1

1

2

x

y

'JHVSF ������ y(y2 − 1)(y − 2) ! x(x − 1)(x − 2)�

���





��� %FSJWBUJWFT PG 'VODUJPOT (JWFO *NQMJDJUMZ

"DUJWJUZ ������ 'PS FBDI PG UIF GPMMPXJOH DVSWFT
 VTF JNQMJDJU EJЙFSFOUJBUJPO UP КOE dy/dx BOE EFUFSNJOF UIF
FRVBUJPO PG UIF UBOHFOU MJOF BU UIF HJWFO QPJOU�

B� x3 − y3 ! 6x y
 (−3, 3)
C� sin(y) + y ! x3 + x
 (0, 0)

D� 3xe−x y ! y2
 (0.619061, 1)

���





��� 6TJOH %FSJWBUJWFT UP &WBMVBUF -JNJUT

��� 6TJOH %FSJWBUJWFT UP &WBMVBUF -JNJUT

1SFWJFX "DUJWJUZ ������ -FU h CF UIF GVODUJPO HJWFO CZ h(x) ! x5+x−2
x2−1 �

B� 8IBU JT UIF EPNBJO PG h 

C� &YQMBJO XIZ lim
x→1

x5 + x − 2
x2 − 1

SFTVMUT JO BO JOEFUFSNJOBUF GPSN�

D� /FYU XF XJMM JOWFTUJHBUF UIF CFIBWJPS PG CPUI UIF OVNFSBUPS BOE EFOPNJOBUPS PG h OFBS UIF QPJOU XIFSF
x ! 1� -FU f (x) ! x5 + x − 2 BOE !(x) ! x2 − 1� 'JOE UIF MPDBM MJOFBSJ[BUJPOT PG f BOE ! BU a ! 1
 BOE DBMM
UIFTF GVODUJPOT L f (x) BOE L!(x)
 SFTQFDUJWFMZ�

E� &YQMBJO XIZ h(x) ≈ L f (x)
L! (x) GPS x OFBS a ! 1�

F� 6TJOH ZPVS XPSL GSPN 	D
 BOE 	E

 FWBMVBUF

lim
x→1

L f (x)
L!(x)

�

8IBU EP ZPV UIJOL ZPVS SFTVMU UFMMT VT BCPVU limx→1 h(x) 
G� *OWFTUJHBUF UIF GVODUJPO h(x) HSBQIJDBMMZ BOE OVNFSJDBMMZ OFBS x ! 1� 8IBU EP ZPV UIJOL JT UIF WBMVF PG

limx→1 h(x) 

���





��� 6TJOH %FSJWBUJWFT UP &WBMVBUF -JNJUT

"DUJWJUZ ������ &WBMVBUF FBDI PG UIF GPMMPXJOH MJNJUT� *G ZPV VTF -ɒ)´QJUBMɒT 3VMF
 JOEJDBUF XIFSF JU XBT VTFE
 BOE
CF DFSUBJO JUT IZQPUIFTFT BSF NFU CFGPSF ZPV BQQMZ JU�

B� limx→0
ln(1+x)

x

C� limx→π
cos(x)

x

D� limx→1
2 ln(x)
1−ex−1

E� limx→0
sin(x)−x
cos(2x)−1

���





��� 6TJOH %FSJWBUJWFT UP &WBMVBUF -JNJUT

"DUJWJUZ ������ *O UIJT BDUJWJUZ
 XF SFBTPO HSBQIJDBMMZ GSPN UIF GPMMPXJOH КHVSF UP FWBMVBUF MJNJUT PG SBUJPT PG
GVODUJPOT BCPVU XIJDI TPNF JOGPSNBUJPO JT LOPXO�

1 2 3 4

-2

-1

1

2
f

g

1 2 3 4

-2

-1

1

2
p

q

1 2 3 4

-2

-1

1

2

s

r

'JHVSF ������ 5ISFF HSBQIT SFGFSFODFE JO UIF RVFTUJPOT PG "DUJWJUZ ������

B� 6TF UIF MFGU�IBOE HSBQI UP EFUFSNJOF UIF WBMVFT PG f (2)
 f ′(2)
 !(2)
 BOE !′(2)� 5IFO
 FWBMVBUF lim
x→2

f (x)
!(x) �

C� 6TF UIF NJEEMF HSBQI UP КOE p(2)
 p′(2)
 q(2)
 BOE q′(2)� 5IFO
 EFUFSNJOF UIF WBMVF PG lim
x→2

p(x)
q(x) �

D� "TTVNF UIBU r BOE s BSF GVODUJPOT XIPTF GPS XIJDI r′′(2) ! 0 BOE s′′(2) ! 0 6TF UIF SJHIU�IBOE HSBQI
UP DPNQVUF r(2)
 r′(2)
 s(2)
 s′(2)� &YQMBJO XIZ ZPV DBOOPU EFUFSNJOF UIF FYBDU WBMVF PG lim

x→2
r(x)
s(x) XJUIPVU

GVSUIFS JOGPSNBUJPO CFJOH QSPWJEFE
 CVU UIBU ZPV DBO EFUFSNJOF UIF TJHO PG lim
x→2

r(x)
s(x) � *O BEEJUJPO
 TUBUF XIBU

UIF TJHO PG UIF MJNJU XJMM CF
 XJUI KVTUJКDBUJPO�

���





��� 6TJOH %FSJWBUJWFT UP &WBMVBUF -JNJUT

"DUJWJUZ ������ &WBMVBUF FBDI PG UIF GPMMPXJOH MJNJUT� *G ZPV VTF -ɒ)´QJUBMɒT 3VMF
 JOEJDBUF XIFSF JU XBT VTFE
 BOE
CF DFSUBJO JUT IZQPUIFTFT BSF NFU CFGPSF ZPV BQQMZ JU�

B� limx→∞ x
ln(x)

C� limx→∞ ex+x
2ex+x2

D� limx→0+
ln(x)

1
x

E� limx→ π
2
− tan(x)

x− π2
F� limx→∞ xe−x

���





$)"15&3 �
6TJOH %FSJWBUJWFT

��� 6TJOH EFSJWBUJWFT UP JEFOUJGZ FYUSFNF WBMVFT

1SFWJFX "DUJWJUZ ������ $POTJEFS UIF GVODUJPO h HJWFO CZ UIF HSBQI JO 'JHVSF ������ 6TF UIF HSBQI UP BOTXFS
FBDI PG UIF GPMMPXJOH RVFTUJPOT�

-2 -1 1 2

-2

-1

1

2
y = h(x)

'JHVSF ������ 5IF HSBQI PG B GVODUJPO h PO UIF JOUFSWBM [−3, 3]�

B� *EFOUJGZ BMM PG UIF WBMVFT PG c GPS XIJDI h(c) JT B MPDBM NBYJNVN PG h�

C� *EFOUJGZ BMM PG UIF WBMVFT PG c GPS XIJDI h(c) JT B MPDBM NJOJNVN PG h�

D� %PFT h IBWF B HMPCBM NBYJNVN PO UIF JOUFSWBM [−3, 3] *G TP
 XIBU JT UIF WBMVF PG UIJT HMPCBM NBYJNVN 

E� %PFT h IBWF B HMPCBM NJOJNVN PO UIF JOUFSWBM [−3, 3] *G TP
 XIBU JT JUT WBMVF 

F� *EFOUJGZ BMM WBMVFT PG c GPS XIJDI h′(c) ! 0�

G� *EFOUJGZ BMM WBMVFT PG c GPS XIJDI h′(c) EPFT OPU FYJTU�

H� 5SVF PS GBMTF� FWFSZ SFMBUJWF NBYJNVN BOE NJOJNVN PG h PDDVST BU B QPJOU XIFSF h′(c) JT FJUIFS [FSP PS
EPFT OPU FYJTU�

I� 5SVF PS GBMTF� BU FWFSZ QPJOU XIFSF h′(c) JT [FSP PS EPFT OPU FYJTU
 h IBT B SFMBUJWF NBYJNVN PS NJOJNVN�





��� 6TJOH EFSJWBUJWFT UP JEFOUJGZ FYUSFNF WBMVFT

"DUJWJUZ ������ 4VQQPTF UIBU !(x) JT B GVODUJPO DPOUJOVPVT GPS FWFSZ WBMVF PG x ! 2 XIPTF КSTU EFSJWBUJWF JT
!′(x) ! (x+4)(x−1)2

x−2 � 'VSUIFS
 BTTVNF UIBU JU JT LOPXO UIBU ! IBT B WFSUJDBM BTZNQUPUF BU x ! 2�

B� %FUFSNJOF BMM DSJUJDBM OVNCFST PG !�

C� #Z EFWFMPQJOH B DBSFGVMMZ MBCFMFE КSTU EFSJWBUJWF TJHO DIBSU
 EFDJEF XIFUIFS ! IBT BT B MPDBM NBYJNVN

MPDBM NJOJNVN
 PS OFJUIFS BU FBDI DSJUJDBM OVNCFS�

D� %PFT ! IBWF B HMPCBM NBYJNVN HMPCBM NJOJNVN +VTUJGZ ZPVS DMBJNT�

E� 8IBU JT UIF WBMVF PG limx→∞ !′(x) 8IBU EPFT UIF WBMVF PG UIJT MJNJU UFMM ZPV BCPVU UIF MPOH�UFSN CFIBWJPS
PG ! 

F� 4LFUDI B QPTTJCMF HSBQI PG y ! !(x)�

���





��� 6TJOH EFSJWBUJWFT UP JEFOUJGZ FYUSFNF WBMVFT

"DUJWJUZ ������ 4VQQPTF UIBU ! JT B GVODUJPO XIPTF TFDPOE EFSJWBUJWF
 !′′
 JT HJWFO CZ UIF HSBQI JO 'JHVSF �������

1 2

1

2g
′′

'JHVSF ������� 5IF HSBQI PG y ! !′′(x)�

B� 'JOE UIF x�DPPSEJOBUFT PG BMM QPJOUT PG JOЛFDUJPO PG !�

C� 'VMMZ EFTDSJCF UIF DPODBWJUZ PG ! CZ NBLJOH BO BQQSPQSJBUF TJHO DIBSU�

D� 4VQQPTF ZPV BSF HJWFO UIBU !′(−1.67857351) ! 0� *T UIFSF JT B MPDBM NBYJNVN
 MPDBM NJOJNVN
 PS OFJUIFS
	GPS UIF GVODUJPO !
 BU UIJT DSJUJDBM OVNCFS PG !
 PS JT JU JNQPTTJCMF UP TBZ 8IZ 

E� "TTVNJOH UIBU !′′(x) JT B QPMZOPNJBM 	BOE UIBU BMM JNQPSUBOU CFIBWJPS PG !′′ JT TFFO JO UIF HSBQI BCPWF


XIBU EFHSFF QPMZOPNJBM EP ZPV UIJOL !(x) JT 8IZ 

���





��� 6TJOH EFSJWBUJWFT UP JEFOUJGZ FYUSFNF WBMVFT

"DUJWJUZ ������ $POTJEFS UIF GBNJMZ PG GVODUJPOT HJWFO CZ h(x) ! x2 + cos(kx)
 XIFSF k JT BO BSCJUSBSZ QPTJUJWF
SFBM OVNCFS�

B� 6TF B HSBQIJOH VUJMJUZ UP TLFUDI UIF HSBQI PG h GPS TFWFSBM EJЙFSFOU k�WBMVFT
 JODMVEJOH k ! 1, 3, 5, 10� 1MPU
h(x) ! x2 + cos(3x) PO UIF BYFT QSPWJEFE� 8IBU JT UIF TNBMMFTU WBMVF PG k BU XIJDI ZPV UIJOL ZPV DBO TFF
	KVTU CZ MPPLJOH BU UIF HSBQI
 BU MFBTU POF JOЛFDUJPO QPJOU PO UIF HSBQI PG h 

-2 2

4

8

12

'JHVSF ������� "YFT GPS QMPUUJOH y ! h(x)�

C� &YQMBJO XIZ UIF HSBQI PG h IBT OP JOЛFDUJPO QPJOUT JG k ≤
√

2
 CVU JOКOJUFMZ NBOZ JOЛFDUJPO QPJOUT JG
k >

√
2�

D� &YQMBJO XIZ
 OP NBUUFS UIF WBMVF PG k
 h DBO POMZ IBWF КOJUFMZ NBOZ DSJUJDBM OVNCFST�

���





��� 6TJOH EFSJWBUJWFT UP EFTDSJCF GBNJMJFT PG GVODUJPOT

��� 6TJOH EFSJWBUJWFT UP EFTDSJCF GBNJMJFT PG GVODUJPOT

1SFWJFX "DUJWJUZ ������ -FU a
 h
 BOE k CF BSCJUSBSZ SFBM OVNCFST XJUI a ! 0
 BOE MFU f CF UIF GVODUJPO HJWFO CZ
UIF SVMF f (x) ! a(x − h)2 + k�

B� 8IBU GBNJMJBS UZQF PG GVODUJPO JT f  8IBU JOGPSNBUJPO EP ZPV LOPX BCPVU f KVTU CZ MPPLJOH BU JUT GPSN 
	5IJOL BCPVU UIF SPMFT PG a
 h
 BOE k�


C� /FYU XF VTF TPNF DBMDVMVT UP EFWFMPQ GBNJMJBS JEFBT GSPN B EJЙFSFOU QFSTQFDUJWF� 5P TUBSU
 USFBU a
 h
 BOE
k BT DPOTUBOUT BOE DPNQVUF f ′(x)�

D� 'JOE BMM DSJUJDBM OVNCFST PG f � 	5IFTF XJMM EFQFOE PO BU MFBTU POF PG a
 h
 BOE k�


E� "TTVNF UIBU a < 0� $POTUSVDU B КSTU EFSJWBUJWF TJHO DIBSU GPS f �

F� #BTFE PO UIF JOGPSNBUJPO ZPVɒWF GPVOE BCPWF
 DMBTTJGZ UIF DSJUJDBM WBMVFT PG f BT NBYJNB PS NJOJNB�

���





��� 6TJOH EFSJWBUJWFT UP EFTDSJCF GBNJMJFT PG GVODUJPOT

"DUJWJUZ ������ $POTJEFS UIF GBNJMZ PG GVODUJPOT EFКOFE CZ p(x) ! x3 − ax
 XIFSF a ! 0 JT BO BSCJUSBSZ DPOTUBOU�

B� 'JOE p′(x) BOE EFUFSNJOF UIF DSJUJDBM OVNCFST PG p� )PX NBOZ DSJUJDBM OVNCFST EPFT p IBWF 

C� $POTUSVDU B КSTU EFSJWBUJWF TJHO DIBSU GPS p� 8IBU DBO ZPV TBZ BCPVU UIF PWFSBMM CFIBWJPS PG p JG UIF DPOTUBOU
a JT QPTJUJWF 8IZ 8IBU JG UIF DPOTUBOU a JT OFHBUJWF *O FBDI DBTF
 EFTDSJCF UIF SFMBUJWF FYUSFNFT PG p�

D� 'JOE p′′(x) BOE DPOTUSVDU B TFDPOE EFSJWBUJWF TJHO DIBSU GPS p� 8IBU EPFT UIJT UFMM ZPV BCPVU UIF DPODBWJUZ
PG p 8IBU SPMF EPFT a QMBZ JO EFUFSNJOJOH UIF DPODBWJUZ PG p 

E� 8JUIPVU VTJOH B HSBQIJOH VUJMJUZ
 TLFUDI BOE MBCFM UZQJDBM HSBQIT PG p(x) GPS UIF DBTFT XIFSF a > 0 BOE
a < 0� -BCFM BMM JOЛFDUJPO QPJOUT BOE MPDBM FYUSFNB�

F� 'JOBMMZ
 VTF B HSBQIJOH VUJMJUZ UP UFTU ZPVS PCTFSWBUJPOT BCPWF CZ FOUFSJOH BOE QMPUUJOH UIF GVODUJPO p(x) !
x3 − ax GPS BU MFBTU GPVS EJЙFSFOU WBMVFT PG a� 8SJUF TFWFSBM TFOUFODFT UP EFTDSJCF ZPVS PWFSBMM DPODMVTJPOT
BCPVU IPX UIF CFIBWJPS PG p EFQFOET PO a�

���





��� 6TJOH EFSJWBUJWFT UP EFTDSJCF GBNJMJFT PG GVODUJPOT

"DUJWJUZ ������ $POTJEFS UIF UXP�QBSBNFUFS GBNJMZ PG GVODUJPOT PG UIF GPSN h(x) ! a(1− e−bx)
 XIFSF a BOE b BSF
QPTJUJWF SFBM OVNCFST�

B� 'JOE UIF КSTU EFSJWBUJWF BOE UIF DSJUJDBM OVNCFST PG h� 6TF UIFTF UP DPOTUSVDU B КSTU EFSJWBUJWF TJHO DIBSU
BOE EFUFSNJOF GPS XIJDI WBMVFT PG x UIF GVODUJPO h JT JODSFBTJOH BOE EFDSFBTJOH�

C� 'JOE UIF TFDPOE EFSJWBUJWF BOE CVJME B TFDPOE EFSJWBUJWF TJHO DIBSU� 'PS XIJDI WBMVFT PG x JT B GVODUJPO JO
UIJT GBNJMZ DPODBWF VQ DPODBWF EPXO 

D� 8IBU JT UIF WBMVF PG limx→∞ a(1 − e−bx) limx→−∞ a(1 − e−bx) 
E� )PX EPFT DIBOHJOH UIF WBMVF PG b BЙFDU UIF TIBQF PG UIF DVSWF 

F� 8JUIPVU VTJOH B HSBQIJOH VUJMJUZ
 TLFUDI UIF HSBQI PG B UZQJDBM NFNCFS PG UIJT GBNJMZ� 8SJUF TFWFSBM TFO�
UFODFT UP EFTDSJCF UIF PWFSBMM CFIBWJPS PG B UZQJDBM GVODUJPO h BOE IPX UIJT CFIBWJPS EFQFOET PO a BOE
b�

���





��� 6TJOH EFSJWBUJWFT UP EFTDSJCF GBNJMJFT PG GVODUJPOT

"DUJWJUZ ������ -FU L(t) ! A
1+ce−kt 
 XIFSF A
 c
 BOE k BSF BMM QPTJUJWF SFBM OVNCFST�

B� 0CTFSWF UIBU XF DBO FRVJWBMFOUMZ XSJUF L(t) ! A(1 + ce−kt)−1� 'JOE L′(t) BOE FYQMBJO XIZ L IBT OP DSJUJDBM
OVNCFST� *T L BMXBZT JODSFBTJOH PS BMXBZT EFDSFBTJOH 8IZ 

C� (JWFO UIF GBDU UIBU
L′′(t) ! Ack2e−kt ce−kt − 1

(1 + ce−kt)3 


КOE BMM WBMVFT PG t TVDI UIBU L′′(t) ! 0 BOE IFODF DPOTUSVDU B TFDPOE EFSJWBUJWF TJHO DIBSU� 'PS XIJDI WBMVFT
PG t JT B GVODUJPO JO UIJT GBNJMZ DPODBWF VQ DPODBWF EPXO 

D� 8IBU JT UIF WBMVF PG limt→∞ A
1+ce−kt  limt→−∞ A

1+ce−kt  

E� 'JOE UIF WBMVF PG L(x) BU UIF JOЛFDUJPO QPJOU GPVOE JO 	C
�

F� 8JUIPVU VTJOH B HSBQIJOH VUJMJUZ
 TLFUDI UIF HSBQI PG B UZQJDBM NFNCFS PG UIJT GBNJMZ� 8SJUF TFWFSBM TFO�
UFODFT UP EFTDSJCF UIF PWFSBMM CFIBWJPS PG B UZQJDBM GVODUJPO L BOE IPX UIJT CFIBWJPS EFQFOET PO A
 c
 BOE
k OVNCFS�

G� &YQMBJO XIZ JU JT SFBTPOBCMF UP UIJOL UIBU UIF GVODUJPO L(t) NPEFMT UIF HSPXUI PG B QPQVMBUJPO PWFS UJNF
JO B TFUUJOH XIFSF UIF MBSHFTU QPTTJCMF QPQVMBUJPO UIF TVSSPVOEJOH FOWJSPONFOU DBO TVQQPSU JT A�

���





��� (MPCBM 0QUJNJ[BUJPO

��� (MPCBM 0QUJNJ[BUJPO

1SFWJFX "DUJWJUZ ������ -FU f (x) ! 2 + 3
1+(x+1)2 �

B� %FUFSNJOF BMM PG UIF DSJUJDBM OVNCFST PG f �

C� $POTUSVDU B КSTU EFSJWBUJWF TJHO DIBSU GPS f BOE UIVT EFUFSNJOF BMM JOUFSWBMT PO XIJDI f JT JODSFBTJOH PS
EFDSFBTJOH�

D� %PFT f IBWF B HMPCBM NBYJNVN *G TP
 XIZ
 BOE XIBU JT JUT WBMVF BOE XIFSF JT UIF NBYJNVN BUUBJOFE *G
OPU
 FYQMBJO XIZ�

E� %FUFSNJOF limx→∞ f (x) BOE limx→−∞ f (x)�
F� &YQMBJO XIZ f (x) > 2 GPS FWFSZ WBMVF PG x�

G� %PFT f IBWF B HMPCBM NJOJNVN *G TP
 XIZ
 BOE XIBU JT JUT WBMVF BOE XIFSF JT UIF NJOJNVN BUUBJOFE *G
OPU
 FYQMBJO XIZ�

���





��� (MPCBM 0QUJNJ[BUJPO

"DUJWJUZ ������ -FU !(x) ! 1
3 x3 − 2x + 2�

B� 'JOE BMM DSJUJDBM OVNCFST PG ! UIBU MJF JO UIF JOUFSWBM −2 ≤ x ≤ 3�

C� 6TF B HSBQIJOH VUJMJUZ UP DPOTUSVDU UIF HSBQI PG ! PO UIF JOUFSWBM −2 ≤ x ≤ 3�

D� 'SPN UIF HSBQI
 EFUFSNJOF UIF x�WBMVFT BUXIJDI UIF BCTPMVUFNJOJNVNBOE BCTPMVUFNBYJNVNPG ! PDDVS
PO UIF JOUFSWBM [−2, 3]�

E� )PX EP ZPVS BOTXFST DIBOHF JG XF JOTUFBE DPOTJEFS UIF JOUFSWBM −2 ≤ x ≤ 2 

F� 8IBU JG XF JOTUFBE DPOTJEFS UIF JOUFSWBM −2 ≤ x ≤ 1 

���





��� (MPCBM 0QUJNJ[BUJPO

"DUJWJUZ ������ 'JOE UIF FYBDU BCTPMVUF NBYJNVN BOE NJOJNVN PG FBDI GVODUJPO PO UIF TUBUFE JOUFSWBM�

B� h(x) ! xe−x 
 [0, 3]
C� p(t) ! sin(t) + cos(t)
 [−π2 , π2 ]

D� q(x) ! x2

x−2 
 [3, 7]

E� f (x) ! 4 − e−(x−2)2 
 (−∞,∞)
F� h(x) ! xe−ax 
 [0, 2

a ] 	a > 0


G� f (x) ! b − e−(x−a)2 
 (−∞,∞)
 a , b > 0

���





��� (MPCBM 0QUJNJ[BUJPO

"DUJWJUZ ������ " QJFDF PG DBSECPBSE UIBU JT 10 × 15 	FBDI NFBTVSFE JO JODIFT
 JT CFJOH NBEF JOUP B CPY XJUIPVU
B UPQ� 5P EP TP
 TRVBSFT BSF DVU GSPN FBDI DPSOFS PG UIF CPY BOE UIF SFNBJOJOH TJEFT BSF GPMEFE VQ� *G UIF CPY
OFFET UP CF BU MFBTU � JODI EFFQ BOE OP NPSF UIBO � JODIFT EFFQ
 XIBU JT UIF NBYJNVN QPTTJCMF WPMVNF PG UIF
CPY XIBU JT UIF NJOJNVN WPMVNF +VTUJGZ ZPVS BOTXFST VTJOH DBMDVMVT�

B� %SBX B MBCFMFE EJBHSBN UIBU TIPXT UIF HJWFO JOGPSNBUJPO� 8IBU WBSJBCMF TIPVMEXF JOUSPEVDF UP SFQSFTFOU
UIF DIPJDF XF NBLF JO DSFBUJOH UIF CPY -BCFM UIF EJBHSBN BQQSPQSJBUFMZ XJUI UIF WBSJBCMF
 BOE XSJUF B
TFOUFODF UP TUBUF XIBU UIF WBSJBCMF SFQSFTFOUT�

C� %FUFSNJOF B GPSNVMB GPS UIF GVODUJPO V 	UIBU EFQFOET PO UIF WBSJBCMF JO 	B

 UIBU UFMMT VT UIF WPMVNF PG UIF
CPY�

D� 8IBU JT UIF EPNBJO PG UIF GVODUJPO V 5IBU JT
 XIBU WBMVFT PG x NBLF TFOTF GPS JOQVU "SF UIFSF BEEJUJPOBM
SFTUSJDUJPOT QSPWJEFE JO UIF QSPCMFN 

E� %FUFSNJOF BMM DSJUJDBM OVNCFST PG UIF GVODUJPO V �

F� &WBMVBUF V BU FBDI PG UIF FOEQPJOUT PG UIF EPNBJO BOE BU BOZ DSJUJDBM OVNCFST UIBU MJF JO UIF EPNBJO�

G� 8IBU JT UIF NBYJNVN QPTTJCMF WPMVNF PG UIF CPY UIF NJOJNVN 

���





��� "QQMJFE 0QUJNJ[BUJPO

��� "QQMJFE 0QUJNJ[BUJPO

1SFWJFX "DUJWJUZ ������ "DDPSEJOH UP 6�4� QPTUBM SFHVMBUJPOT
 UIF HJSUI QMVT UIF MFOHUI PG B QBSDFM TFOU CZ NBJM
NBZ OPU FYDFFE ��� JODIFT
 XIFSF CZ ɔHJSUIɕ XF NFBO UIF QFSJNFUFS PG UIF TNBMMFTU FOE� 8IBU JT UIF MBSHFTU
QPTTJCMF WPMVNF PG B SFDUBOHVMBS QBSDFM XJUI B TRVBSF FOE UIBU DBO CF TFOU CZ NBJM 8IBU BSF UIF EJNFOTJPOT PG
UIF QBDLBHF PG MBSHFTU WPMVNF 

B� -FU x SFQSFTFOU UIF MFOHUI PG POF TJEF PG UIF TRVBSF FOE BOE y UIF MFOHUI PG UIF MPOHFS TJEF� -BCFM UIFTF
RVBOUJUJFT BQQSPQSJBUFMZ PO UIF JNBHF TIPXO JO 'JHVSF ������

'JHVSF ������ " SFDUBOHVMBS QBSDFM XJUI B TRVBSF FOE�

C� 8IBU JT UIF RVBOUJUZ UP CF PQUJNJ[FE JO UIJT QSPCMFN 'JOE B GPSNVMB GPS UIJT RVBOUJUZ JO UFSNT PG x BOE y�

D� 5IF QSPCMFN TUBUFNFOU UFMMT VT UIBU UIF QBSDFMɒT HJSUI QMVT MFOHUI NBZ OPU FYDFFE ��� JODIFT� *O PSEFS UP
NBYJNJ[F WPMVNF
 XF BTTVNF UIBU XF XJMM BDUVBMMZ OFFE UIF HJSUI QMVT MFOHUI UP FRVBM ��� JODIFT� 8IBU
FRVBUJPO EPFT UIJT QSPEVDF JOWPMWJOH x BOE y 

E� 4PMWF UIF FRVBUJPO ZPV GPVOE JO 	D
 GPS POF PG x PS y 	XIJDIFWFS JT FBTJFS
�

F� /PX VTF ZPVS XPSL JO 	C
 BOE 	E
 UP EFUFSNJOF B GPSNVMB GPS UIF WPMVNF PG UIF QBSDFM TP UIBU UIJT GPSNVMB
JT B GVODUJPO PG B TJOHMF WBSJBCMF�

G� 0WFS XIBU EPNBJO TIPVME XF DPOTJEFS UIJT GVODUJPO /PUF UIBU CPUI x BOE y NVTU CF QPTJUJWF� IPX EPFT
UIF DPOTUSBJOU UIBU HJSUI QMVT MFOHUI JT ��� JODIFT QSPEVDF JOUFSWBMT PG QPTTJCMF WBMVFT GPS x BOE y 

H� 'JOE UIF BCTPMVUFNBYJNVNPG UIF WPMVNF PG UIF QBSDFM PO UIF EPNBJO ZPV FTUBCMJTIFE JO 	G
 BOE IFODF BMTP
EFUFSNJOF UIF EJNFOTJPOT PG UIF CPY PG HSFBUFTU WPMVNF� +VTUJGZ UIBU ZPVɒWF GPVOE UIF NBYJNVN VTJOH
DBMDVMVT�

���





��� "QQMJFE 0QUJNJ[BUJPO

"DUJWJUZ ������ " TPVQ DBO JO UIF TIBQF PG B SJHIU DJSDVMBS DZMJOEFS JT UP CFNBEF GSPN UXPNBUFSJBMT� 5IFNBUFSJBM
GPS UIF TJEF PG UIF DBO DPTUT ������ QFS TRVBSF JODI BOE UIF NBUFSJBM GPS UIF MJET DPTUT �0.027 QFS TRVBSF JODI�
4VQQPTF UIBU XF EFTJSF UP DPOTUSVDU B DBO UIBU IBT B WPMVNF PG �� DVCJD JODIFT� 8IBU EJNFOTJPOT NJOJNJ[F UIF
DPTU PG UIF DBO 

B� %SBX B QJDUVSF PG UIF DBO BOE MBCFM JUT EJNFOTJPOT XJUI BQQSPQSJBUF WBSJBCMFT�

C� 6TF ZPVS WBSJBCMFT UP EFUFSNJOF FYQSFTTJPOT GPS UIF WPMVNF
 TVSGBDF BSFB
 BOE DPTU PG UIF DBO�

D� %FUFSNJOF UIF UPUBM DPTU GVODUJPO BT B GVODUJPO PG B TJOHMF WBSJBCMF� 8IBU JT UIF EPNBJO PO XIJDI ZPV
TIPVME DPOTJEFS UIJT GVODUJPO 

E� 'JOE UIF BCTPMVUF NJOJNVN DPTU BOE UIF EJNFOTJPOT UIBU QSPEVDF UIJT WBMVF�

���





��� "QQMJFE 0QUJNJ[BUJPO

"DUJWJUZ ������ " IJLFS TUBSUJOH BU B QPJOU P PO B TUSBJHIU SPBE XBMLT FBTU UPXBSET QPJOU Q
 XIJDI JT PO UIF SPBE
BOE � LJMPNFUFST GSPN QPJOU P�

5XP LJMPNFUFST EVF OPSUI PG QPJOU Q JT B DBCJO� 5IF IJLFS XJMM XBML EPXO UIF SPBE GPS B XIJMF
 BU B QBDF PG
� LJMPNFUFST QFS IPVS� "U TPNF QPJOU Z CFUXFFO P BOE Q
 UIF IJLFS MFBWFT UIF SPBE BOE NBLFT B TUSBJHIU MJOF
UPXBSET UIF DBCJO UISPVHI UIF XPPET
 IJLJOH BU B QBDF PG � LQI
 BT QJDUVSFE JO 'JHVSF ������ *O PSEFS UP NJOJNJ[F
UIF UJNF UP HP GSPN P UP Z UP UIF DBCJO
 XIFSF TIPVME UIF IJLFS UVSO JOUP UIF GPSFTU 

3

2

P QZ

cabin

'JHVSF ������ " IJLFS XBMLT GSPN P UP Z UP UIF DBCJO
 BT QJDUVSFE�

���





��� "QQMJFE 0QUJNJ[BUJPO

"DUJWJUZ ������ $POTJEFS UIF SFHJPO JO UIF x�y QMBOF UIBU JT CPVOEFE CZ UIF x�BYJT BOE UIF GVODUJPO f (x) ! 25−x2�
$POTUSVDU B SFDUBOHMFXIPTF CBTF MJFT PO UIF x�BYJT BOE JT DFOUFSFE BU UIF PSJHJO
 BOEXIPTF TJEFT FYUFOEWFSUJDBMMZ
VOUJM UIFZ JOUFSTFDU UIF DVSWF y ! 25 − x2� 8IJDI TVDI SFDUBOHMF IBT UIF NBYJNVN QPTTJCMF BSFB 8IJDI TVDI
SFDUBOHMF IBT UIF HSFBUFTU QFSJNFUFS 8IJDI IBT UIF HSFBUFTU DPNCJOFE QFSJNFUFS BOE BSFB 	$IBMMFOHF� BOTXFS
UIF TBNF RVFTUJPOT JO UFSNT PG QPTJUJWF QBSBNFUFST a BOE b GPS UIF GVODUJPO f (x) ! b − ax2�


���





��� "QQMJFE 0QUJNJ[BUJPO

"DUJWJUZ ������ " USPVHI JT CFJOH DPOTUSVDUFE CZ CFOEJOH B 4 × 24 	NFBTVSFE JO GFFU
 SFDUBOHVMBS QJFDF PG TIFFU
NFUBM�

5XP TZNNFUSJD GPMET � GFFU BQBSU XJMM CF NBEF QBSBMMFM UP UIF MPOHFTU TJEF PG UIF SFDUBOHMF TP UIBU UIF USPVHI IBT
DSPTT�TFDUJPOT JO UIF TIBQF PG B USBQF[PJE
 BT QJDUVSFE JO 'JHVSF ������ "U XIBU BOHMF TIPVME UIF GPMET CF NBEF
UP QSPEVDF UIF USPVHI PG NBYJNVN WPMVNF 

2

1 1

θ

'JHVSF ������ " DSPTT�TFDUJPO PG UIF USPVHI GPSNFE CZ GPMEJOH UP BO BOHMF PG θ�

���





��� 3FMBUFE 3BUFT

��� 3FMBUFE 3BUFT

1SFWJFX "DUJWJUZ ������ " TQIFSJDBM CBMMPPO JT CFJOH JOЛBUFE BU B DPOTUBOU SBUF PG �� DVCJD JODIFT QFS TFDPOE�
)PX GBTU JT UIF SBEJVT PG UIF CBMMPPO DIBOHJOH BU UIF JOTUBOU UIF CBMMPPOɒT EJBNFUFS JT �� JODIFT *T UIF SBEJVT
DIBOHJOH NPSF SBQJEMZ XIFO d ! 12 PS XIFO d ! 16 8IZ 

B� %SBX TFWFSBM TQIFSFT XJUI EJЙFSFOU SBEJJ
 BOE PCTFSWF UIBU BT WPMVNF DIBOHFT
 UIF SBEJVT
 EJBNFUFS
 BOE
TVSGBDF BSFB PG UIF CBMMPPO BMTP DIBOHF�

C� 3FDBMM UIBU UIF WPMVNF PG B TQIFSF PG SBEJVT r JT V ! 4
3πr3� /PUF XFMM UIBU JO UIF TFUUJOH PG UIJT QSPCMFN


CPUI V BOE r BSF DIBOHJOH BT UJNF t DIBOHFT
 BOE UIVT CPUI V BOE r NBZ CF WJFXFE BT JNQMJDJU GVODUJPOT
PG t
 XJUI SFTQFDUJWF EFSJWBUJWFT dV

dt BOE dr
dt � %JЙFSFOUJBUF CPUI TJEFT PG UIF FRVBUJPO V ! 4

3πr3 XJUI SFTQFDU
UP t 	VTJOH UIF DIBJO SVMF PO UIF SJHIU
 UP КOE B GPSNVMB GPS dV

dt UIBU EFQFOET PO CPUI r BOE dr
dt �

D� "U UIJT QPJOU JO UIF QSPCMFN
 CZ EJЙFSFOUJBUJOH XF IBWF ɔSFMBUFE UIF SBUFTɕ PG DIBOHF PG V BOE r� 3FDBMM
UIBU XF BSF HJWFO JO UIF QSPCMFN UIBU UIF CBMMPPO JT CFJOH JOЛBUFE BU B DPOTUBOU SBUF PG �� DVCJD JODIFT QFS
TFDPOE� *T UIJT SBUF UIF WBMVF PG dr

dt PS dV
dt  8IZ 

E� 'SPN QBSU 	D

 XF LOPX UIF WBMVF PG dV
dt BU FWFSZ WBMVF PG t� /FYU
 PCTFSWF UIBU XIFO UIF EJBNFUFS PG UIF

CBMMPPO JT ��
 XF LOPX UIF WBMVF PG UIF SBEJVT� *O UIF FRVBUJPO dV
dt ! 4πr2 dr

dt 
 TVCTUJUVUF UIFTF WBMVFT GPS
UIF SFMFWBOU RVBOUJUJFT BOE TPMWF GPS UIF SFNBJOJOH VOLOPXO RVBOUJUZ
 XIJDI JT dr

dt � )PX GBTU JT UIF SBEJVT
DIBOHJOH BU UIF JOTUBOU d ! 12 

F� )PX JT UIF TJUVBUJPO EJЙFSFOU XIFO d ! 16 8IFO JT UIF SBEJVT DIBOHJOH NPSF SBQJEMZ
 XIFO d ! 12 PS
XIFO d ! 16 

���





��� 3FMBUFE 3BUFT

"DUJWJUZ ������ " XBUFS UBOL IBT UIF TIBQF PG BO JOWFSUFE DJSDVMBS DPOF 	QPJOU EPXO
 XJUI B CBTF PG SBEJVT � GFFU
BOE B EFQUI PG � GFFU� 4VQQPTF UIBU XBUFS JT CFJOH QVNQFE JOUP UIF UBOL BU B DPOTUBOU JOTUBOUBOFPVT SBUF PG �
DVCJD GFFU QFS NJOVUF�

B� %SBX B QJDUVSF PG UIF DPOJDBM UBOL
 JODMVEJOH B TLFUDI PG UIF XBUFS MFWFM BU B QPJOU JO UJNF XIFO UIF UBOL
JT OPU ZFU GVMM� *OUSPEVDF WBSJBCMFT UIBU NFBTVSF UIF SBEJVT PG UIF XBUFSɒT TVSGBDF BOE UIF XBUFSɒT EFQUI JO
UIF UBOL
 BOE MBCFM UIFN PO ZPVS КHVSF�

C� 4BZ UIBU r JT UIF SBEJVT BOE h UIF EFQUI PG UIF XBUFS BU B HJWFO UJNF
 t� 8IBU FRVBUJPO SFMBUFT UIF SBEJVT
BOE IFJHIU PG UIF XBUFS
 BOE XIZ 

D� %FUFSNJOF BO FRVBUJPO UIBU SFMBUFT UIF WPMVNF PG XBUFS JO UIF UBOL BU UJNF t UP UIF EFQUI h PG UIF XBUFS BU
UIBU UJNF�

E� 5ISPVHI EJЙFSFOUJBUJPO
 КOE BO FRVBUJPO UIBU SFMBUFT UIF JOTUBOUBOFPVT SBUF PG DIBOHF PG XBUFS WPMVNF
XJUI SFTQFDU UP UJNF UP UIF JOTUBOUBOFPVT SBUF PG DIBOHF PG XBUFS EFQUI BU UJNF t�

F� 'JOE UIF JOTUBOUBOFPVT SBUF BU XIJDI UIF XBUFS MFWFM JT SJTJOH XIFO UIF XBUFS JO UIF UBOL JT � GFFU EFFQ�

G� 8IFO JT UIF XBUFS SJTJOH NPTU SBQJEMZ� BU h ! 3
 h ! 4
 PS h ! 5 

���





��� 3FMBUFE 3BUFT

"DUJWJUZ ������ " UFMFWJTJPO DBNFSB JT QPTJUJPOFE ���� GFFU GSPN UIF CBTF PG B SPDLFU MBVODIJOH QBE� 5IF BO�
HMF PG FMFWBUJPO PG UIF DBNFSB IBT UP DIBOHF BU UIF DPSSFDU SBUF JO PSEFS UP LFFQ UIF SPDLFU JO TJHIU� *O BEEJ�
UJPO
 UIF BVUP�GPDVT PG UIF DBNFSB IBT UP UBLF JOUP BDDPVOU UIF JODSFBTJOH EJTUBODF CFUXFFO UIF DBNFSB BOE UIF
SPDLFU� 8F BTTVNF UIBU UIF SPDLFU SJTFT WFSUJDBMMZ� 	" TJNJMBS QSPCMFN JT EJTDVTTFE BOE QJDUVSFE EZOBNJDBMMZ BU
IUUQ���HWTV�FEV�T��U� &YQMPSJOH UIF BQQMFU BU UIF MJOL XJMM CF IFMQGVM UP ZPV JO BOTXFSJOH UIF RVFTUJPOT UIBU
GPMMPX�


B� %SBX B КHVSF UIBU TVNNBSJ[FT UIF HJWFO TJUVBUJPO� 8IBU QBSUT PG UIF QJDUVSF BSF DIBOHJOH 8IBU QBSUT
BSF DPOTUBOU *OUSPEVDF BQQSPQSJBUF WBSJBCMFT UP SFQSFTFOU UIF RVBOUJUJFT UIBU BSF DIBOHJOH�

C� 'JOE BO FRVBUJPO UIBU SFMBUFT UIF DBNFSBɒT BOHMF PG FMFWBUJPO UP UIF IFJHIU PG UIF SPDLFU
 BOE UIFO КOE BO
FRVBUJPO UIBU SFMBUFT UIF JOTUBOUBOFPVT SBUF PG DIBOHF PG UIF DBNFSBɒT FMFWBUJPO BOHMF UP UIF JOTUBOUBOFPVT
SBUF PG DIBOHF PG UIF SPDLFUɒT IFJHIU 	XIFSF BMM SBUFT PG DIBOHF BSF XJUI SFTQFDU UP UJNF
�

D� 'JOE BO FRVBUJPO UIBU SFMBUFT UIF EJTUBODF GSPN UIF DBNFSB UP UIF SPDLFU UP UIF SPDLFUɒT IFJHIU
 BT XFMM BT
BO FRVBUJPO UIBU SFMBUFT UIF JOTUBOUBOFPVT SBUF PG DIBOHF PG EJTUBODF GSPN UIF DBNFSB UP UIF SPDLFU UP UIF
JOTUBOUBOFPVT SBUF PG DIBOHF PG UIF SPDLFUɒT IFJHIU 	XIFSF BMM SBUFT PG DIBOHF BSF XJUI SFTQFDU UP UJNF
�

E� 4VQQPTF UIBU UIF SPDLFUɒT TQFFE JT ��� GU�TFD BU UIF JOTUBOU JU IBT SJTFO ���� GFFU� )PX GBTU JT UIF EJTUBODF
GSPN UIF UFMFWJTJPO DBNFSB UP UIF SPDLFU DIBOHJOH BU UIBU NPNFOU *G UIF DBNFSB JT GPMMPXJOH UIF SPDLFU

IPX GBTU JT UIF DBNFSBɒT BOHMF PG FMFWBUJPO DIBOHJOH BU UIBU TBNF NPNFOU 

F� *G GSPN BO FMFWBUJPO PG ���� GFFU POXBSE UIF SPDLFU DPOUJOVFT UP SJTF BU ��� GFFU�TFD
 XJMM UIF SBUF PG DIBOHF
PG EJTUBODF XJUI SFTQFDU UP UJNF CF HSFBUFS XIFO UIF FMFWBUJPO JT ���� GFFU UIBO JU XBT BU ���� GFFU
 PS MFTT 
8IZ 

���

http://gvsu.edu/s/9t




��� 3FMBUFE 3BUFT

"DUJWJUZ ������ "T QJDUVSFE JO UIF BQQMFU BU IUUQ���HWTV�FEV�T��R
 B TLBUFCPBSEFS XIP JT � GFFU UBMM SJEFT VOEFS
B �� GPPU UBMM MBNQQPTU BU B DPOTUBOU SBUF PG � GFFU QFS TFDPOE� 8F BSF JOUFSFTUFE JO VOEFSTUBOEJOH IPX GBTU IJT
TIBEPX JT DIBOHJOH BU WBSJPVT QPJOUT JO UJNF�

B� %SBX BO BQQSPQSJBUF SJHIU USJBOHMF UIBU SFQSFTFOUT B TOBQTIPU JO UJNF PG UIF TLBUFCPBSEFS
 MBNQQPTU
 BOE
IJT TIBEPX� -FU x EFOPUF UIF IPSJ[POUBM EJTUBODF GSPN UIF CBTF PG UIF MBNQQPTU UP UIF TLBUFCPBSEFS BOE
s SFQSFTFOU UIF MFOHUI PG IJT TIBEPX� -BCFM UIFTF RVBOUJUJFT
 BT XFMM BT UIF TLBUFCPBSEFSɒT IFJHIU BOE UIF
MBNQQPTUɒT IFJHIU PO UIF EJBHSBN�

C� 0CTFSWF UIBU UIF TLBUFCPBSEFS BOE UIF MBNQQPTU SFQSFTFOU QBSBMMFM MJOF TFHNFOUT JO UIF EJBHSBN
 BOE UIVT
TJNJMBS USJBOHMFT BSF QSFTFOU� 6TF TJNJMBS USJBOHMFT UP FTUBCMJTI BO FRVBUJPO UIBU SFMBUFT x BOE s�

D� 6TF ZPVS XPSL JO 	C
 UP КOE BO FRVBUJPO UIBU SFMBUFT dx
dt BOE ds

dt �

E� "U XIBU SBUF JT UIF MFOHUI PG UIF TLBUFCPBSEFSɒT TIBEPX JODSFBTJOH BU UIF JOTUBOU UIF TLBUFCPBSEFS JT � GFFU
GSPN UIF MBNQQPTU 

F� "T UIF TLBUFCPBSEFSɒT EJTUBODF GSPN UIF MBNQQPTU JODSFBTFT
 JT IJT TIBEPXɒT MFOHUI JODSFBTJOH BU BO JO�
DSFBTJOH SBUF
 JODSFBTJOH BU B EFDSFBTJOH SBUF
 PS JODSFBTJOH BU B DPOTUBOU SBUF 

G� 8IJDI JTNPWJOHNPSF SBQJEMZ� UIF TLBUFCPBSEFS PS UIF UJQ PG IJT TIBEPX &YQMBJO
 BOE KVTUJGZ ZPVS BOTXFS�

���

http://gvsu.edu/s/9q




��� 3FMBUFE 3BUFT

"DUJWJUZ ������ " CBTFCBMM EJBNPOE JT 90′ TRVBSF� " CBUUFS IJUT B CBMM BMPOH UIF UIJSE CBTF MJOF BOE SVOT UP КSTU
CBTF� "U XIBU SBUF JT UIF EJTUBODF CFUXFFO UIF CBMM BOE КSTU CBTF DIBOHJOH XIFO UIF CBMM JT IBMGXBZ UP UIJSE
CBTF
 JG BU UIBU JOTUBOU UIF CBMM JT USBWFMJOH 100 GFFU�TFD "U XIBU SBUF JT UIF EJTUBODF CFUXFFO UIF CBMM BOE UIF
SVOOFS DIBOHJOH BU UIF TBNF JOTUBOU
 JG BU UIF TBNF JOTUBOU UIF SVOOFS JT 1/8 PG UIF XBZ UP КSTU CBTF SVOOJOH BU
30 GFFU�TFD 

���





$)"15&3 �
5IF %FКOJUF *OUFHSBM

��� %FUFSNJOJOH EJTUBODF USBWFMFE GSPN WFMPDJUZ

1SFWJFX"DUJWJUZ ������ 4VQQPTF UIBU B QFSTPO JT UBLJOH BXBML BMPOH B MPOH TUSBJHIU QBUI BOEXBMLT BU B DPOTUBOU
SBUF PG � NJMFT QFS IPVS�

B� 0O UIF MFGU�IBOE BYFT QSPWJEFE JO 'JHVSF �����
 TLFUDI B MBCFMFE HSBQI PG UIF WFMPDJUZ GVODUJPO v(t) ! 3�

1 2

4

8
mph

hrs

1 2

4

8
miles

hrs

'JHVSF ������ "U MFGU
 BYFT GPS QMPUUJOH y ! v(t)� BU SJHIU
 GPS QMPUUJOH y ! s(t)�

/PUF UIBU XIJMF UIF TDBMF PO UIF UXP TFUT PG BYFT JT UIF TBNF
 UIF VOJUT PO UIF SJHIU�IBOE BYFT EJЙFS GSPN
UIPTF PO UIF MFGU� 5IF SJHIU�IBOE BYFT XJMM CF VTFE JO RVFTUJPO 	E
�

C� )PX GBS EJE UIF QFSTPO USBWFM EVSJOH UIF UXP IPVST )PX JT UIJT EJTUBODF SFMBUFE UP UIF BSFB PG B DFSUBJO
SFHJPO VOEFS UIF HSBQI PG y ! v(t) 

D� 'JOE BO BMHFCSBJD GPSNVMB
 s(t)
 GPS UIF QPTJUJPO PG UIF QFSTPO BU UJNF t
 BTTVNJOH UIBU s(0) ! 0� &YQMBJO
ZPVS UIJOLJOH�

E� 0O UIF SJHIU�IBOE BYFT QSPWJEFE JO 'JHVSF �����
 TLFUDI B MBCFMFE HSBQI PG UIF QPTJUJPO GVODUJPO y ! s(t)�
F� 'PS XIBU WBMVFT PG t JT UIF QPTJUJPO GVODUJPO s JODSFBTJOH &YQMBJO XIZ UIJT JT UIF DBTF VTJOH SFMFWBOU

JOGPSNBUJPO BCPVU UIF WFMPDJUZ GVODUJPO v�





��� %FUFSNJOJOH EJTUBODF USBWFMFE GSPN WFMPDJUZ

"DUJWJUZ ������ 4VQQPTF UIBU B QFSTPO JT XBMLJOH JO TVDI B XBZ UIBU IFS WFMPDJUZ WBSJFT TMJHIUMZ BDDPSEJOH UP UIF
JOGPSNBUJPO HJWFO JO 5BCMF ����� BOE HSBQI HJWFO JO 'JHVSF ������

t v(t)
0.00 1.500
0.25 1.789
0.50 1.938
0.75 1.992
1.00 2.000
1.25 2.008
1.50 2.063
1.75 2.211
2.00 2.500

1 2

1

2

3
mph

hrs

y = v(t)

5BCMF ������ 7FMPDJUZ EBUB GPS UIF QFSTPO XBMLJOH� 'JHVSF ������ 5IF HSBQI PG y ! v(t)�

B� 6TJOH UIF HSJE
 HSBQI
 BOE HJWFO EBUB BQQSPQSJBUFMZ
 FTUJNBUF UIF EJTUBODF USBWFMFE CZ UIF XBMLFS EVSJOH
UIF UXP IPVS JOUFSWBM GSPN t ! 0 UP t ! 2� :PV TIPVME VTF UJNF JOUFSWBMT PG XJEUI ∆t ! 0.5
 DIPPTJOH B XBZ
UP VTF UIF GVODUJPO DPOTJTUFOUMZ UP EFUFSNJOF UIF IFJHIU PG FBDI SFDUBOHMF JO PSEFS UP BQQSPYJNBUF EJTUBODF
USBWFMFE�

C� )PX DPVME ZPV HFU B CFUUFS BQQSPYJNBUJPO PG UIF EJTUBODF USBWFMFE PO [0, 2] &YQMBJO
 BOE UIFO КOE UIJT
OFX FTUJNBUF�

D� /PX TVQQPTF UIBU ZPV LOPX UIBU v JT HJWFO CZ v(t) ! 0.5t3 − 1.5t2 + 1.5t + 1.5� 3FNFNCFS UIBU v JT UIF
EFSJWBUJWF PG UIF XBMLFSɒT QPTJUJPO GVODUJPO
 s� 'JOE B GPSNVMB GPS s TP UIBU s′ ! v�

E� #BTFE PO ZPVS XPSL JO 	D

 XIBU JT UIF WBMVF PG s(2) − s(0) 8IBU JT UIF NFBOJOH PG UIJT RVBOUJUZ 

���





��� %FUFSNJOJOH EJTUBODF USBWFMFE GSPN WFMPDJUZ

"DUJWJUZ ������ " CBMM JT UPTTFE WFSUJDBMMZ JO TVDI B XBZ UIBU JUT WFMPDJUZ GVODUJPO JT HJWFO CZ v(t) ! 32−32t
 XIFSF
t JT NFBTVSFE JO TFDPOET BOE v JO GFFU QFS TFDPOE� "TTVNF UIBU UIJT GVODUJPO JT WBMJE GPS 0 ≤ t ≤ 2�

B� 'PS XIBU WBMVFT PG t JT UIF WFMPDJUZ PG UIF CBMM QPTJUJWF 8IBU EPFT UIJT UFMM ZPV BCPVU UIF NPUJPO PG UIF
CBMM PO UIJT JOUFSWBM PG UJNF WBMVFT 

C� 'JOE BO BOUJEFSJWBUJWF
 s
 PG v UIBU TBUJTКFT s(0) ! 0�

D� $PNQVUF UIF WBMVF PG s(1) − s( 1
2 )� 8IBU JT UIF NFBOJOH PG UIF WBMVF ZPV КOE 

E� 6TJOH UIF HSBQI PG y ! v(t) QSPWJEFE JO 'JHVSF �����
 КOE UIF FYBDU BSFB PG UIF SFHJPO VOEFS UIF WFMPDJUZ
DVSWF CFUXFFO t ! 1

2 BOE t ! 1� 8IBU JT UIF NFBOJOH PG UIF WBMVF ZPV КOE 

1 2

-24

-12

12

24

ft/sec

sec

v(t) = 32−32t

'JHVSF ������ 5IF HSBQI PG y ! v(t)�

F� "OTXFS UIF TBNF RVFTUJPOT BT JO 	D
 BOE 	E
 CVU JOTUFBE VTJOH UIF JOUFSWBM [0, 1]�
G� 8IBU JT UIF WBMVF PG s(2) − s(0) 8IBU EPFT UIJT SFTVMU UFMM ZPV BCPVU UIF ЛJHIU PG UIF CBMM )PX JT UIJT

WBMVF DPOOFDUFE UP UIF QSPWJEFE HSBQI PG y ! v(t) &YQMBJO�

���





��� %FUFSNJOJOH EJTUBODF USBWFMFE GSPN WFMPDJUZ

"DUJWJUZ ������ 4VQQPTF UIBU BO PCKFDU NPWJOH BMPOH B TUSBJHIU MJOF QBUI IBT JUT WFMPDJUZ v 	JO NFUFST QFS TFDPOE

BU UJNF t 	JO TFDPOET
 HJWFO CZ UIF QJFDFXJTF MJOFBS GVODUJPO XIPTF HSBQI JT QJDUVSFE BU MFGU JO 'JHVSF ������� 8F
WJFX NPWFNFOU UP UIF SJHIU BT CFJOH JO UIF QPTJUJWF EJSFDUJPO 	XJUI QPTJUJWF WFMPDJUZ

 XIJMF NPWFNFOU UP UIF
MFGU JT JO UIF OFHBUJWF EJSFDUJPO�

2 4 6 8

-4

-2

2

4
m/sec

sec

y = v(t)

2 4 6 8

-8

-4

4

8

'JHVSF ������� 5IF WFMPDJUZ GVODUJPO PG B NPWJOH PCKFDU�

4VQQPTF GVSUIFS UIBU UIF PCKFDUɒT JOJUJBM QPTJUJPO BU UJNF t ! 0 JT s(0) ! 1�

B� %FUFSNJOF UIF UPUBM EJTUBODF USBWFMFE BOE UIF UPUBM DIBOHF JO QPTJUJPO PO UIF UJNF JOUFSWBM 0 ≤ t ≤ 2� 8IBU
JT UIF PCKFDUɒT QPTJUJPO BU t ! 2 

C� 0O XIBU UJNF JOUFSWBMT JT UIF NPWJOH PCKFDUɒT QPTJUJPO GVODUJPO JODSFBTJOH 8IZ 0OXIBU JOUFSWBMT JT UIF
PCKFDUɒT QPTJUJPO EFDSFBTJOH 8IZ 

D� 8IBU JT UIF PCKFDUɒT QPTJUJPO BU t ! 8 )PX NBOZ UPUBM NFUFST IBT JU USBWFMFE UP HFU UP UIJT QPJOU 	JODMVEJOH
EJTUBODF JO CPUI EJSFDUJPOT
 *T UIJT EJЙFSFOU GSPN UIF PCKFDUɒT UPUBM DIBOHF JO QPTJUJPO PO t ! 0 UP t ! 8 

E� 'JOE UIF FYBDU QPTJUJPO PG UIF PCKFDU BU t ! 1, 2, 3, . . . , 8 BOE VTF UIJT EBUB UP TLFUDI BO BDDVSBUF HSBQI PG
y ! s(t) PO UIF BYFT QSPWJEFE BU SJHIU JO 'JHVSF ������� )PX DBO ZPV VTF UIF QSPWJEFE JOGPSNBUJPO BCPVU
y ! v(t) UP EFUFSNJOF UIF DPODBWJUZ PG s PO FBDI SFMFWBOU JOUFSWBM 

���





��� 3JFNBOO 4VNT

��� 3JFNBOO 4VNT

1SFWJFX"DUJWJUZ ������ " QFSTPO XBMLJOH BMPOH B TUSBJHIU QBUI IBT IFS WFMPDJUZ JO NJMFT QFS IPVS BU UJNF t HJWFO
CZ UIF GVODUJPO v(t) ! 0.25t3 − 1.5t2 + 3t + 0.25
 GPS UJNFT JO UIF JOUFSWBM 0 ≤ t ≤ 2� 5IF HSBQI PG UIJT GVODUJPO JT
BMTP HJWFO JO FBDI PG UIF UISFF EJBHSBNT JO 'JHVSF ������

1 2

1

2

3
mph

hrs

y = v(t)

A1

A2

A3

A4

1 2

1

2

3
mph

hrs

y = v(t)

B1

B2

B3

B4

1 2

1

2

3
mph

hrs

y = v(t)

C1

C2

C3

C4

'JHVSF ������ 5ISFF BQQSPBDIFT UP FTUJNBUJOH UIF BSFB VOEFS y ! v(t) PO UIF JOUFSWBM [0, 2]�

/PUF UIBU JO FBDI EJBHSBN
 XF VTF GPVS SFDUBOHMFT UP FTUJNBUF UIF BSFB VOEFS y ! v(t) PO UIF JOUFSWBM [0, 2]

CVU UIF NFUIPE CZ XIJDI UIF GPVS SFDUBOHMFTɒ SFTQFDUJWF IFJHIUT BSF EFDJEFE WBSJFT BNPOH UIF UISFF JOEJWJEVBM
HSBQIT�

B� )PX BSF UIF IFJHIUT PG SFDUBOHMFT JO UIF MFGU�NPTU EJBHSBN CFJOH DIPTFO &YQMBJO
 BOE IFODF EFUFSNJOF
UIF WBMVF PG

S ! A1 + A2 + A3 + A4

CZ FWBMVBUJOH UIF GVODUJPO y ! v(t) BU BQQSPQSJBUFMZ DIPTFO WBMVFT BOE PCTFSWJOH UIF XJEUI PG FBDI SFDU�
BOHMF� /PUF
 GPS FYBNQMF
 UIBU

A3 ! v(1) · 1
2 ! 2 · 1

2 ! 1�

C� &YQMBJO IPX UIF IFJHIUT PG SFDUBOHMFT BSF CFJOH DIPTFO JO UIF NJEEMF EJBHSBN BOE КOE UIF WBMVF PG

T ! B1 + B2 + B3 + B4�

D� -JLFXJTF
 EFUFSNJOF UIF QBUUFSO PG IPX IFJHIUT PG SFDUBOHMFT BSF DIPTFO JO UIF SJHIU�NPTU EJBHSBN BOE
EFUFSNJOF

U ! C1 + C2 + C3 + C4�

E� 0G UIF FTUJNBUFT S
 T
 BOE U
 XIJDI EP ZPV UIJOL JT UIF CFTU BQQSPYJNBUJPO PG D
 UIF UPUBM EJTUBODF UIF
QFSTPO USBWFMFE PO [0, 2] 8IZ 

���





��� 3JFNBOO 4VNT

"DUJWJUZ ������ 'PS FBDI TVN XSJUUFO JO TJHNB OPUBUJPO
 XSJUF UIF TVN MPOH�IBOE BOE FWBMVBUF UIF TVN UP КOE
JUT WBMVF� 'PS FBDI TVN XSJUUFO JO FYQBOEFE GPSN
 XSJUF UIF TVN JO TJHNB OPUBUJPO�

B�
∑5

k!1(k2 + 2)
C�

∑6
i!3(2i − 1)

D� 3 + 7 + 11 + 15 + · · · + 27

E� 4 + 8 + 16 + 32 + · · · + 256

F�
∑6

i!1
1
2i

���





��� 3JFNBOO 4VNT

"DUJWJUZ ������ 4VQQPTF UIBU BO PCKFDU NPWJOH BMPOH B TUSBJHIU MJOF QBUI IBT JUT WFMPDJUZ JO GFFU QFS TFDPOE BU UJNF
t JO TFDPOET HJWFO CZ v(t) ! 2

9 (t − 3)2 + 2�

B� $BSFGVMMZ TLFUDI UIF SFHJPO XIPTF FYBDU BSFB XJMM UFMM ZPV UIF WBMVF PG UIF EJTUBODF UIF PCKFDU USBWFMFE PO
UIF UJNF JOUFSWBM 2 ≤ t ≤ 5�

C� &TUJNBUF UIF EJTUBODF USBWFMFE PO [2, 5] CZ DPNQVUJOH L4
 R4
 BOE M4�

D� %PFT BWFSBHJOH L4 BOE R4 SFTVMU JO UIF TBNF WBMVF BT M4 *G OPU
 XIBU EP ZPV UIJOL UIF BWFSBHF PG L4 BOE
R4 NFBTVSFT 

E� 'PS UIJT RVFTUJPO
 UIJOL BCPVU BO BSCJUSBSZ GVODUJPO f 
 SBUIFS UIBO UIF QBSUJDVMBS GVODUJPO v HJWFO BCPWF�
*G f JT QPTJUJWF BOE JODSFBTJOH PO [a , b]
 XJMM Ln PWFS�FTUJNBUF PS VOEFS�FTUJNBUF UIF FYBDU BSFB VOEFS f PO
[a , b] 8JMM Rn PWFS� PS VOEFS�FTUJNBUF UIF FYBDU BSFB VOEFS f PO [a , b] &YQMBJO�

���





��� 3JFNBOO 4VNT

"DUJWJUZ ������ 4VQQPTF UIBU BO PCKFDU NPWJOH BMPOH B TUSBJHIU MJOF QBUI IBT JUT WFMPDJUZ v 	JO GFFU QFS TFDPOE
 BU
UJNF t 	JO TFDPOET
 HJWFO CZ

v(t) ! 1
2 t2 − 3t +

7
2 �

B� $PNQVUF M5
 UIF NJEEMF 3JFNBOO TVN
 GPS v PO UIF UJNF JOUFSWBM [1, 5]� #F TVSF UP DMFBSMZ JEFOUJGZ UIF
WBMVF PG ∆t BT XFMM BT UIF MPDBUJPOT PG t0
 t1
 · · ·
 t5� *O BEEJUJPO
 QSPWJEF B DBSFGVM TLFUDI PG UIF GVODUJPO BOE
UIF DPSSFTQPOEJOH SFDUBOHMFT UIBU BSF CFJOH VTFE JO UIF TVN�

C� #VJMEJOH PO ZPVS XPSL JO 	B

 FTUJNBUF UIF UPUBM DIBOHF JO QPTJUJPO PG UIF PCKFDU PO UIF JOUFSWBM [1, 5]�
D� #VJMEJOH PO ZPVS XPSL JO 	B
 BOE 	C

 FTUJNBUF UIF UPUBM EJTUBODF USBWFMFE CZ UIF PCKFDU PO [1, 5]�
E� 6TF BQQSPQSJBUF DPNQVUJOH UFDIOPMPHZy UP DPNQVUF M10 BOE M20� 8IBU FYBDU WBMVF EP ZPV UIJOL UIF

NJEEMF TVN FWFOUVBMMZ BQQSPBDIFT BT n JODSFBTFT XJUIPVU CPVOE 8IBU EPFT UIBU OVNCFS SFQSFTFOU JO
UIF QIZTJDBM DPOUFYU PG UIF PWFSBMM QSPCMFN 

y'PS JOTUBODF
 DPOTJEFS UIF BQQMFU BU IUUQ���HWTV�FEV�T�B� BOE DIBOHF UIF GVODUJPO BOE BEKVTU UIF MPDBUJPOT PG UIF CMVF QPJOUT UIBU SFQSF�
TFOU UIF JOUFSWBM FOEQPJOUT a BOE b�

���

http://gvsu.edu/s/a9




��� 5IF %FКOJUF *OUFHSBM

��� 5IF %FКOJUF *OUFHSBM

1SFWJFX "DUJWJUZ ������ $POTJEFS UIF BQQMFU GPVOE BU IUUQ���HWTV�FEV�T�B�y� 5IFSF
 ZPV XJMM JOJUJBMMZ TFF UIF
TJUVBUJPO TIPXO JO 'JHVSF ������

'JHVSF ������ " SJHIU 3JFNBOO TVN XJUI �� TVCJOUFSWBMT GPS UIF GVODUJPO f (x) ! sin(2x) − x2

10 + 3 PO UIF JOUFSWBM
[1, 7]� 5IF WBMVF PG UIF TVN JT R10 ! 4.90595�

/PUF UIBU UIF WBMVF PG UIF DIPTFO 3JFNBOO TVN JT EJTQMBZFE OFYU UP UIF XPSE ɔSFMBUJWF
ɕ BOE UIBU ZPV DBO DIBOHF
UIF UZQF PG 3JFNBOO TVNCFJOH DPNQVUFE CZ ESBHHJOH UIF QPJOU PO UIF TMJEFS CBS CFMPX UIF QISBTF ɔTBNQMF QPJOU
QMBDFNFOU�ɕ

&YQMPSF UP TFF IPX ZPV DBO DIBOHF UIF XJOEPX JO XIJDI UIF GVODUJPO JT WJFXFE
 BT XFMM BT UIF GVODUJPO JUTFMG�
:PV DBO TFU UIF NJOJNVN BOE NBYJNVN WBMVFT PG x CZ DMJDLJOH BOE ESBHHJOH PO UIF CMVF QPJOUT UIBU TFU UIF
FOEQPJOUT� ZPV DBO DIBOHF UIF GVODUJPO CZ UZQJOH B OFX GPSNVMB JO UIF ɔG	Y
ɕ XJOEPX BU UIF CPUUPN� BOE ZPV
DBO BEKVTU UIF PWFSBMM XJOEPX CZ ɔQBOOJOH BOE [PPNJOHɕ CZ VTJOH UIF 4IJGU LFZ BOE UIF TDSPMMJOH GFBUVSF PG
ZPVS NPVTF� .PSF JOGPSNBUJPO PO IPX UP QBO BOE [PPN DBO CF GPVOE BU IUUQ���HWTV�FEV�T�'M�

8PSL BDDPSEJOHMZ UP BEKVTU UIF BQQMFU TP UIBU JU VTFT B MFGU 3JFNBOO TVNXJUI n ! 5 TVCJOUFSWBMT GPS UIF GVODUJPO
JT f (x) ! 2x+1� :PV TIPVME TFF UIF VQEBUFE КHVSF TIPXO JO 'JHVSF ������ 5IFO
 BOTXFS UIF GPMMPXJOH RVFTUJPOT�

B� 6QEBUF UIF BQQMFU 	BOE WJFX XJOEPX
 BT OFFEFE
 TP UIBU UIF GVODUJPO CFJOH DPOTJEFSFE JT f (x) ! 2x + 1
PO [1, 4]
 BT EJSFDUFE BCPWF� 'PS UIJT GVODUJPO PO UIJT JOUFSWBM
 DPNQVUF Ln 
 Mn 
 Rn GPS n ! 5
 n ! 25
 BOE
n ! 100� 8IBU BQQFBST UP CF UIF FYBDU BSFB CPVOEFE CZ f (x) ! 2x + 1 BOE UIF x�BYJT PO [1, 4] 

C� 6TF CBTJD HFPNFUSZ UP EFUFSNJOF UIF FYBDU BSFB CPVOEFE CZ f (x) ! 2x + 1 BOE UIF x�BYJT PO [1, 4]�
D� #BTFE PO ZPVS XPSL JO 	B
 BOE 	C

 XIBU EP ZPV PCTFSWF PDDVST XIFO XF JODSFBTF UIF OVNCFS PG TVCJOUFS�

y.BSD 3FOBVMU
 4IJQQFOTCVSH 6OJWFSTJUZ
 (FPHFCSB "QQMFUT GPS $BMDMVMVT
 IUUQ���HWTV�FEV�T��Q�

���

http://gvsu.edu/s/a9
http://gvsu.edu/s/Fl
http://gvsu.edu/s/5p


$IBQUFS � 5IF %FКOJUF *OUFHSBM

WBMT VTFE JO UIF 3JFNBOO TVN 

E� 6QEBUF UIF BQQMFU UP DPOTJEFS UIF GVODUJPO f (x) ! x2+1 PO UIF JOUFSWBM [1, 4] 	OPUF UIBU ZPV OFFE UP FOUFS ɔZ
@ � 
 �ɕ GPS UIF GVODUJPO GPSNVMB
� 6TF UIF BQQMFU UP DPNQVUF Ln 
 Mn 
 Rn GPS n ! 5
 n ! 25
 BOE n ! 100�
8IBU EP ZPV DPOKFDUVSF JT UIF FYBDU BSFB CPVOEFE CZ f (x) ! x2 + 1 BOE UIF x�BYJT PO [1, 4] 

F� 8IZ DBO XF OPU DPNQVUF UIF FYBDU WBMVF PG UIF BSFB CPVOEFE CZ f (x) ! x2 + 1 BOE UIF x�BYJT PO [1, 4]
VTJOH B GPSNVMB MJLF XF EJE JO 	C
 

'JHVSF ������ " MFGU 3JFNBOO TVN XJUI � TVCJOUFSWBMT GPS UIF GVODUJPO f (x) ! 2x + 1 PO UIF JOUFSWBM [1, 4]� 5IF
WBMVF PG UIF TVN JT L5 ! 16.2�

���



��� 5IF %FКOJUF *OUFHSBM

"DUJWJUZ ������ 6TF LOPXO HFPNFUSJD GPSNVMBT BOE UIF OFU TJHOFE BSFB JOUFSQSFUBUJPO PG UIF EFКOJUF JOUFHSBM UP
FWBMVBUF FBDI PG UIF EFКOJUF JOUFHSBMT CFMPX�

B�
∫ 1

0 3x dx

C�
∫ 4
−1(2 − 2x) dx

D�
∫ 1
−1

√
1 − x2 dx

E�
∫ 4
−3 !(x) dx
 XIFSF ! JT UIF GVODUJPO QJDUVSFE JO 'JHVSF ������ "TTVNF UIBU FBDI QPSUJPO PG ! JT FJUIFS QBSU
PG B MJOF PS QBSU PG B DJSDMF�

-3 -2 -1 1 2 3 4

-1

1
y = g(x)

'JHVSF ������ " GVODUJPO ! UIBU JT QJFDFXJTF EFКOFE� FBDI QJFDF PG UIF GVODUJPO JT QBSU PG B DJSDMF PS QBSU PG B MJOF�

���





��� 5IF %FКOJUF *OUFHSBM

"DUJWJUZ ������ 4VQQPTF UIBU UIF GPMMPXJOH JOGPSNBUJPO JT LOPXO BCPVU UIF GVODUJPOT f 
 !
 x2
 BOE x3�

ə
∫ 2

0 f (x) dx ! −3�
∫ 5

2 f (x) dx ! 2

ə
∫ 2

0 !(x) dx ! 4�
∫ 5

2 !(x) dx ! −1

ə
∫ 2

0 x2 dx ! 8
3 �
∫ 5

2 x2 dx ! 117
3

ə
∫ 2

0 x3 dx ! 4�
∫ 5

2 x3 dx ! 609
4

6TF UIF QSPWJEFE JOGPSNBUJPO BOE UIF SVMFT EJTDVTTFE JO UIF QSFDFEJOH TFDUJPO UP FWBMVBUF FBDI PG UIF GPMMPXJOH
EFКOJUF JOUFHSBMT�

B�
∫ 2

5 f (x) dx

C�
∫ 5

0 !(x) dx

D�
∫ 5

0 ( f (x) + !(x)) dx

E�
∫ 5

2 (3x2 − 4x3) dx

F�
∫ 0

5 (2x3 − 7!(x)) dx

���





��� 5IF %FКOJUF *OUFHSBM

"DUJWJUZ ������ 4VQQPTF UIBU v(t) !
√

4 − (t − 2)2 UFMMT VT UIF JOTUBOUBOFPVT WFMPDJUZ PG B NPWJOH PCKFDU PO UIF
JOUFSWBM 0 ≤ t ≤ 4
 XIFSF t JT NFBTVSFE JO NJOVUFT BOE v JT NFBTVSFE JO NFUFST QFS NJOVUF�

B� 4LFUDI BO BDDVSBUF HSBQI PG y ! v(t)� 8IBU LJOE PG DVSWF JT y !
√

4 − (t − 2)2 

C� &WBMVBUF
∫ 4

0 v(t) dt FYBDUMZ�

D� *O UFSNT PG UIF QIZTJDBM QSPCMFN PG UIF NPWJOH PCKFDU XJUI WFMPDJUZ v(t)
 XIBU JT UIF NFBOJOH PG
∫ 4

0 v(t) dt 
*ODMVEF VOJUT PO ZPVS BOTXFS�

E� %FUFSNJOF UIF FYBDU BWFSBHF WBMVF PG v(t) PO [0, 4]� *ODMVEF VOJUT PO ZPVS BOTXFS�

F� 4LFUDI B SFDUBOHMF XIPTF CBTF JT UIF MJOF TFHNFOU GSPN t ! 0 UP t ! 4 PO UIF t�BYJT TVDI UIBU UIF SFDUBOHMFɒT
BSFB JT FRVBM UP UIF WBMVF PG

∫ 4
0 v(t) dt� 8IBU JT UIF SFDUBOHMFɒT FYBDU IFJHIU 

G� )PX DBO ZPV VTF UIF BWFSBHF WBMVF ZPV GPVOE JO 	E
 UP DPNQVUF UIF UPUBM EJTUBODF USBWFMFE CZ UIF NPWJOH
PCKFDU PWFS [0, 4] 

���





��� 5IF 'VOEBNFOUBM 5IFPSFN PG $BMDVMVT

��� 5IF 'VOEBNFOUBM 5IFPSFN PG $BMDVMVT

1SFWJFX "DUJWJUZ ������ " TUVEFOU XJUI B UIJSE ЛPPS EPSNJUPSZ XJOEPX �� GFFU PЙ UIF HSPVOE UPTTFT B XBUFS
CBMMPPO TUSBJHIU VQ JO UIF BJS XJUI BO JOJUJBM WFMPDJUZ PG �� GFFU QFS TFDPOE� *U UVSOT PVU UIBU UIF JOTUBOUBOFPVT
WFMPDJUZ PG UIF XBUFS CBMMPPO JT HJWFO CZ v(t) ! −32t + 16
 XIFSF v JT NFBTVSFE JO GFFU QFS TFDPOE BOE t JT
NFBTVSFE JO TFDPOET�

B� -FU s(t) SFQSFTFOU UIF IFJHIU PG UIFXBUFS CBMMPPO BCPWF HSPVOE BU UJNF t
 BOE OPUF UIBU s JT BO BOUJEFSJWBUJWF
PG v� 5IBU JT
 v JT UIF EFSJWBUJWF PG s� s′(t) ! v(t)� 'JOE B GPSNVMB GPS s(t) UIBU TBUJTКFT UIF JOJUJBM DPOEJUJPO
UIBU UIF CBMMPPO JT UPTTFE GSPN �� GFFU BCPWF HSPVOE� *O PUIFS XPSET
 NBLF ZPVS GPSNVMB GPS s TBUJTGZ
s(0) ! 32�

C� 8IFO EPFT UIF XBUFS CBMMPPO SFBDI JUT NBYJNVN IFJHIU 8IFO EPFT JU MBOE 

D� $PNQVUF s( 1
2 ) − s(0)
 s(2) − s( 1

2 )
 BOE s(2) − s(0)� 8IBU EP UIFTF SFQSFTFOU 

E� 8IBU JT UIF UPUBM WFSUJDBM EJTUBODF USBWFMFE CZ UIF XBUFS CBMMPPO GSPN UIF UJNF JU JT UPTTFE VOUJM UIF UJNF JU
MBOET 

F� 4LFUDI B HSBQI PG UIF WFMPDJUZ GVODUJPO y ! v(t) PO UIF UJNF JOUFSWBM [0, 2]� 8IBU JT UIF UPUBM OFU TJHOFE BSFB
CPVOEFE CZ y ! v(t) BOE UIF t�BYJT PO [0, 2] "OTXFS UIJT RVFTUJPO JO UXP XBZT� КSTU CZ VTJOH ZPVS XPSL
BCPWF
 BOE UIFO CZ VTJOH B GBNJMJBS HFPNFUSJD GPSNVMB UP DPNQVUF BSFBT PG DFSUBJO SFMFWBOU SFHJPOT�

���





��� 5IF 'VOEBNFOUBM 5IFPSFN PG $BMDVMVT

"DUJWJUZ ������ 6TF UIF 'VOEBNFOUBM 5IFPSFN PG $BMDVMVT UP FWBMVBUF FBDI PG UIF GPMMPXJOH JOUFHSBMT FYBDUMZ� 'PS
FBDI
 TLFUDI B HSBQI PG UIF JOUFHSBOE PO UIF SFMFWBOU JOUFSWBM BOE XSJUF POF TFOUFODF UIBU FYQMBJOT UIF NFBOJOH
PG UIF WBMVF PG UIF JOUFHSBM JO UFSNT PG UIF 	OFU TJHOFE
 BSFB CPVOEFE CZ UIF DVSWF�

B�
∫ 4
−1(2 − 2x) dx

C�
∫ π

2
0 sin(x) dx

D�
∫ 1

0 ex dx

E�
∫ 1
−1 x5 dx

F�
∫ 2

0 (3x3 − 2x2 − ex) dx

���





��� 5IF 'VOEBNFOUBM 5IFPSFN PG $BMDVMVT

"DUJWJUZ ������ 6TF ZPVS LOPXMFEHF PG EFSJWBUJWFT PG CBTJD GVODUJPOT UP DPNQMFUF UIF BCPWF UBCMF PG BOUJEFSJWB�
UJWFT� 'PS FBDI FOUSZ
 ZPVS UBTL JT UP КOE B GVODUJPO F XIPTF EFSJWBUJWF JT UIF HJWFO GVODUJPO f � 8IFO КOJTIFE

VTF UIF '5$ BOE UIF SFTVMUT JO UIF UBCMF UP FWBMVBUF UIF UISFF HJWFO EFКOJUF JOUFHSBMT�

HJWFO GVODUJPO
 f (x) BOUJEFSJWBUJWF
 F(x)
k
 	k JT DPOTUBOU

xn 
 n ! −1
1
x 
 x > 0
sin(x)
cos(x)
sec(x) tan(x)
csc(x) cot(x)
sec2(x)
csc2(x)
ex

ax (a > 1)
1

1+x2
1√

1−x2

5BCMF ������ 'BNJMJBS CBTJD GVODUJPOT BOE UIFJS BOUJEFSJWBUJWFT�

B�
∫ 1

0

(
x3 − x − ex

+ 2
)

dx

C�
∫ π/3

0
(2 sin(t) − 4 cos(t) + sec2(t) − π) dt

D�
∫ 1

0
(
√

x − x2) dx

���





��� 5IF 'VOEBNFOUBM 5IFPSFN PG $BMDVMVT

"DUJWJUZ ������ %VSJOH B ���NJOVUF XPSLPVU
 B QFSTPO SJEJOH BO FYFSDJTF NBDIJOF CVSOT DBMPSJFT BU B SBUF PG c
DBMPSJFT QFS NJOVUF
 XIFSF UIF GVODUJPO y ! c(t) JT HJWFO JO 'JHVSF ������ 0O UIF JOUFSWBM 0 ≤ t ≤ 10
 UIF GPSNVMB
GPS c JT c(t) ! −0.05t2 + t + 10
 XIJMF PO 30 ≤ t ≤ 40
 JUT GPSNVMB JT c(t) ! −0.05t2 + 3t − 30�

10 20 30 40

5

10

15
cal/min

min

y = c(t)

'JHVSF ������ 5IF SBUF c(t) BU XIJDI B QFSTPO FYFSDJTJOH CVSOT DBMPSJFT
 NFBTVSFE JO DBMPSJFT QFS NJOVUF�

B� 8IBU JT UIF FYBDU UPUBM OVNCFS PG DBMPSJFT UIF QFSTPO CVSOT EVSJOH UIF КSTU �� NJOVUFT PG IFS XPSLPVU 

C� -FU C(t) CF BO BOUJEFSJWBUJWF PG c(t)� 8IBU JT UIF NFBOJOH PG C(40) − C(0) JO UIF DPOUFYU PG UIF QFSTPO
FYFSDJTJOH *ODMVEF VOJUT PO ZPVS BOTXFS�

D� %FUFSNJOF UIF FYBDU BWFSBHF SBUF BU XIJDI UIF QFSTPO CVSOFE DBMPSJFT EVSJOH UIF ���NJOVUF XPSLPVU�

E� "UXIBU UJNF	T

 JG BOZ
 JT UIF JOTUBOUBOFPVT SBUF BU XIJDI UIF QFSTPO JT CVSOJOH DBMPSJFT FRVBM UP UIF BWFSBHF
SBUF BU XIJDI TIF CVSOT DBMPSJFT
 PO UIF UJNF JOUFSWBM 0 ≤ t ≤ 40 

���







5IJT CPPL XBT BVUIPSFE JO 1SF5F9U�
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