
Summary of Coordinate Systems

Here’s a summary of the three new types of coordinate systems (polar, cylindrical, and spherical) that
we’ve seen for integration. There’s also a couple of example problems of each for us to try together.

Polar coordinates

Works great with regions bound by circular arcs centered at the origin and rays emanating from the
origin:



These types of regions have bounds like

𝑎 ≤ 𝑟 ≤ 𝑏 and 𝛼 ≤ 𝜃 ≤ 𝛽,

which correspond to double integrals that translate like

∬
𝑅

𝑓(𝑥, 𝑦) 𝑑𝐴 → ∫
𝛽

𝛼
∫

𝑏

𝑎
𝐹(𝑟, 𝜃) 𝑟 𝑑𝑟 𝑑𝜃,

where
𝐹(𝑟, 𝜃) = 𝑓(𝑟 cos(𝜃), 𝑟 sin(𝜃))

or just 𝑟2 = 𝑥2 + 𝑦2.

Polar examples

Polar coordinates might help for integrals like

• ∬
𝐷

(4 − (𝑥2 + 𝑦2)) 𝑑𝐴 where 𝐷 is the portion of the disk of radius 2 centered at the origin that

lies in the first quadrant.

• ∬
𝐷𝑅

𝑒−(𝑥2+𝑦2) 𝑑𝐴 where 𝐷𝑅 is the disk of radius 𝑅 centered at the origin.



Cylindrical coordinates

Cylindrical coordinates look a lot like polar coordinates + 𝑧. The work great with spatial regions that
are extrusions of polar regions along the 𝑧-axis, like so:

Figure 1: A cylindrical wedge

This type of region has bounds like

𝑎 ≤ 𝑟 ≤ 𝑏, 𝛼 ≤ 𝜃 ≤ 𝛽, 𝑐 ≤ 𝑧 ≤ 𝑑.



We can set this up as an iterated integral like so:

∭
𝑅

𝑓(𝑥, 𝑦, 𝑧) 𝑑𝑉 =∫
𝛽

𝛼
∫

𝑑

𝑐
∫

𝑏

𝑎
𝑓(𝑟 cos(𝜃), 𝑟 sin(𝜃), 𝑧) 𝑟 𝑑𝑟 𝑑𝑧 𝑑𝜃

Things shouldn’t be too complicated if the 𝑧 bounds involve functions of 𝑟 and 𝜃, to get a region like

𝑎 ≤ 𝑟 ≤ 𝑏, 𝛼 ≤ 𝜃 ≤ 𝛽, 𝑔(𝑟, 𝜃) ≤ 𝑧 ≤ ℎ(𝑟, 𝜃).

An example there could be
{(𝑟, 𝜃, 𝑧) ∶ 0 ≤ 𝑧 ≤ 4 − 𝑟2},

which looks like



Figure 2: A region with cylindrical symmetry

Cylindrical examples

• Let 𝑅 denote the region in the first octant contained in the cylinder of radius 2 centered on the 𝑧
axis and bound above by 𝑧 = 5. Compute

∭
𝑅

(2𝑥2 + 2𝑦2 + 𝑧) 𝑑𝑉 .



• Let 𝑅 denote the region bound between the paraboloid 𝑧 = 𝑥2 + 𝑦2 and the plane 𝑧 = 9. Set up

∭
𝑅

𝑓(𝑥, 𝑦, 𝑧) 𝑑𝑉

as an iterated integral in cylindrical coordinates.



Spherical coordinates

Spherical coordinates workwell with regions bound by portions of spheres centered at the origin. Here’s
one example:



Figure 3: A spherical wedge



These regions have the form

𝛼 ≤ 𝜃 ≤ 𝛽, 𝛾 ≤ 𝜑 ≤ 𝛿, 𝑎 ≤ 𝜌 ≤ 𝑏.

When setting this type of integral up, remember that

• 𝜌 denotes the distance to the origin,
• 𝜑 denotes the angle from the positive 𝑧-axis,
• 𝜃 denotes the usual polar angle.



Figure 4: Polar coordinates illustrated

We can set up an integral over a region like this via

∭
𝑅

𝑓(𝑥, 𝑦, 𝑧) 𝑑𝑉 =∫
𝛽

𝛼
∫

𝛿

𝛾
∫

𝑏

𝑎
𝑓(𝜌 sin(𝜑) cos(𝜃), 𝜌 sin(𝜑) sin(𝜃), 𝜌 cos(𝜑)) 𝜌2 sin(𝜑) 𝑑𝜌 𝑑𝜑 𝑑𝜃.

Often, the integrand depends on 𝑥2 + 𝑦2 + 𝑧2, which can be translated directly to 𝜌2.



Spherical examples

• Let 𝑅 denote the region inside the sphere is radius 2, outside the sphere of radius 1, and above
the 𝑥𝑦-plane. Evaluate

∭
𝑅

(𝑥2 + 𝑦2 + 𝑧2)3 𝑑𝑉 .

• Let 𝑅 denote the region inside the unit sphere. Evaluate

∭
𝑅

(𝑥2 + 𝑦2 + 𝑧2) 𝑑𝑉 .
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